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UNIT I 

 3. Groups 

 3.0. Introduction 

Modern Algebra is largely concerned with the study of abstract sets endowed with one or 

more binary operations. In this chapter we introduce one of the basic algebraic structures 

known as groups. A group is a set with one binary operation defined on it satisfying some 

natural conditions. The definition of a group is an abstraction of the familiar properties of 

ሺԺ,൅ሻ given below. 

(i) Addition is an associative binary operation in Ժ. 
(ii) The element 0 ∈ Ժ is such that ܽ ൅ 0 ൌ 0 ൅ ܽ ൌ ܽ for all ܽ ∈ Ժ݉. Hence (0) is the 

identity element w.r.t. addition. 

(iii) Let ܽ ∈ Ժ. The element െܽ ∈ Ժ	 is such that ܽ ൅ ሺെܽሻ ൌ ሺെܽሻ ൅ ܽ ൌ 0. Hence െܽ is 

the inverse of ܽ. 

We isolate these properties in the following definition. 

3.1. Definition and Examples 

Definition. A non-empty set G together with a binary operation ∗: ܩ ൈ ܩ →  is called a ܩ

group if the following conditions are satisfied. 

(i) ∗ is associative (i.e.) ܽ ∗ ሺܾ ∗ ܿሻ ൌ ሺܽ ∗ ܾሻ ∗ ܿ for all ܽ, ܾ, ܿ ∈  .ܩ

(ii) There exists an element	݁ ∈ such thatܽ ܩ ∗ ݁ ൌ ݁ ∗ ܽ ൌ ܽ for all ܽ ∈  e is called the.ܩ

identity element of G. 

(iii) For any element ܽ in G there exists an element ܽ′ in G such that ܽ ∗ ܽ′ ൌ ܽ′ ∗ ܽ ൌ
݁.		ܽ′ is called the inverse of ܽ. 

Examples 

1. Z,Q,R and C are groups under usual addition. 
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2. The set of all 2×2matricesቀa b

c d
ቁ	where a,b,c,d	∈	R is a group under matrix addition. 

ቀ0 0
0 0ቁ	is the identity element and ቀെܽ െܾ

െܿ െ݀ቁis the inverse of 		ቀܽ ܾ
ܿ ݀ቁ. 

3. The set of all 2 ൈ 2 non-singular matrices ቀܽ ܾ
ܿ ݀ቁ where  ܽ, ܾ, ܿ, ݀ ∈ Թ	is a group 

under matrix multiplication. 

 We know that matrix multiplication is associative.ቀ1 0
0 1ቁ		is the identity element.The 

inverse of ቀܽ ܾ
ܿ ݀ቁ	is  

ଵ
|஺| ቀ

݀ െܾ
െܿ ܽ ቁ		where |ܣ| ൌ ܽ݀ െ ܾܿ ് 0. 

4. Գ is not a group under usual addition since there is no element ݁ ∈ Գ such that 

ܽ ൅ ݁ ൌ ܽ. 
5. The set E of all even integers under usual addition is a group.  

 For ܽ, ܾ ∈ ܧ ⇒ ܽ ൅ ܾ ∈   .Therefore usual addition is a binary operation in E .ܧ

      0 ∈ ܽ is the identity element. If ܧ ∈ െܽ,ܧ ∈  .ܽ is the inverse ofܧ

6. ℚ∗ and 	Թ∗under usual multiplication are groups.  

 1 is the identity element and the inverse of ܽ is 1/ܽ. 
7. ℚା is not a group under usual multiplication.  

 For ܽ, ܾ ∈ ℚା ⇒ ܾܽ ∈ ℚା.	Therefore usual multiplication is a binary operation in ℚା. 1 ∈
ℚା is theidentity element. If  ܽ ∈ ℚା, ሺ1/ܽሻ ∈ ℚା is the inverse of ܽ. 

8. Ժ under the usual multiplication is not a group. 1 ∈ Ժ is the identity element. 

However, any element other than  1 and -1 does not have an inverse. 

9.  Let A be any non-empty set. Let B(A) be the set of all bijections from A to itself. 

B(A) is a group under the composition of functions.  

 We know that ݂, ݃ ∈ ሻܣሺܤ ⇒ ݂ ∘ ݃ ∈  ሻܣሺܤ
 The composition of functions is associative.        ݅஺: ܣ →  is the identity element. If ܣ

݂: ܣ → :is a bijection, then ݂ିଵ ܣ ܣ →        is also a ܣ

       bijection and  ሺ݂ ∘ ݂ିଵ ൌ ݂ିଵ ∘ ݂ ൌ ݅஺ሻ . 
10. Let ܩ ൌ ሼ݁ሽ and ݁ ∗ ݁ ൌ ݁. Obviously (G) is a group. 

11. Let ܩ ൌ ሼ1, െ1ሽ. G is a group under usual multiplication. 1 is the identity element. 

The inverse of each element is itself. The  Cayley table for this group is 
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* 1 -1 

1 1 -1 

-1 -1 1 

12.  (P(S),∆) is a group. ∆ is associative. Also A∆Ф =Ф∆ A=A for all Aϵ P(S). Hence Ф is 
the identity element. A∆ A=Ф so that inverse of each element is itself. 

Example 15 

 ԧ∗ is a group under usual multiplication given by ((a+ib)(c+id))=(ac-bd)+i(ad+bc) 

 Proof. Let ݔ, ݕ ∈ ԧ∗. Then ݔ ൌ ܽ ൅ ܾ݅ where ܽ and ܾ are not simultaneously zero and 

ݕ ൌ ܿ ൅ ݅݀ where ܿ and ݀ are not simultaneously zero. 

Now, ݕݔ ൌ ሺܽ ൅ ܾ݅ሻሺܿ ൅ ݅݀ሻ ൌ ሺܽܿ െ ܾ݀ሻ ൅ ݅ሺܽ݀ ൅ ܾܿሻ 
To prove that ac - bd = 0 and ad+bc = 0 are not simultaneously zero. 

Suppose,  
ܽܿ െ ܾ݀ ൌ 0……… . ሺ1ሻ 
ܽ݀ ൅ ܾܿ ൌ 0……… . ሺ2ሻ 

Multiplying (1) by (bd) and (2) by (c) and subtracting, we getܾሺ݀ଶ ൅ ܿଶሻ ൌ 0. 

Either ܾ ൌ ଶ݀ݎ݋	0 ൅ ܿଶ ൌ 0. 

Either ܾ ൌ ܿ	ݎ݋	0 ൌ 0		ܽ݊݀	݀ ൌ 0. Similarly, either ܽ ൌ ܿ	ሺ	ݎ݋	0 ൌ 0	ܽ݊݀	݀ ൌ 0ሻ. 
 

Thus a=0 and b=0 or (c=0 and d=0) 

⇒	xൌ0	or	yൌ0	which is a contradiction. 

Hence ݕݔ ∈ ԧ∗. 
Now, let ݔ ൌ ܽ ൅ ܾ݅, ݕ ൌ ܿ ൅ ݅݀, ݖ ൌ ݁ ൅ ݂݅.  

Then ݔሺݖݕሻ ൌ ሺܽ ൅ ܾ݅ሻሾሺܿ݁ െ ݂݀ሻ ൅ ݅ሺ݀݁ ൅ ݂ܿሻሿ ൌ ሺܽܿ݁ െ ݂ܽ݀ െ ܾ݀݁ ൅ ܾ݂ܿሻ ൅
																					݅ሺܾܿ݁ െ ܾ݂݀ ൅ ܽ݀݁ ൅ ݂ܽܿሻ 
Similarly ሺݕݔሻݖ ൌ ሺܽܿ݁ െ ݂ܽ݀ െ ܾ݀݁ െ ܾ݂ܿሻ ൅ ݅ሺܾܿ݁ െ ܾ݂݀ ൅ ܽ݀݁ ൅ ݂ܽܿሻ 
Hence  ݔሺݖݕሻ ൌ ሺݕݔሻݖ.  
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1+i0  is the identity element. 

Also 
1
ݔ ൌ

1
ܽ ൅ ܾ݅ ൌ

ܽ െ ܾ݅
ܽଶ ൅ ܾଶ 

Since ܽ² ൅ ܾ² ് ݔ/0,1 ∈ ܥ ∗ and is the inverse of x. Hence C* is a group under usual 

multiplication. 

Example. 16 

Let G={z: zϵ C and |z|=1}. Then G is a group under multiplication. 

Proof. Let z1,z2 ϵ G. Then |z1|=| z2|=1. 

∴ |z₁z₂| = |z₁| |z₂| = 1 and hence z₁z₂ ∈ G. 

We know that usual multiplication of complex numbers is associative.  

Also 1 = 1 + i0 ∈ G and is the identity element. 

Now, let z ∈ G. Then |z| = 1. Hence |1/ݖ| ൌ |ݖ|/1 ൌ 1.  

∴ 1/z ∈ G and is the inverse of z. Hence G is a group. 

Example.17   The set of all nᵗʰ roots of unity with usual multiplication is a group. 

Proof.  Let w = cos(2π/n) + i sin(2π/n). Then the nᵗʰ roots of unity are given by 

1, w, w², …, wⁿ⁻¹. 
Let G = {1, w, w², … , wⁿ⁻¹}. 

We know that ݓⁿ ൌ ⁿ⁺¹ݓ,1 ൌ  .etc ݓ

Let wʳ, wˢ ∈ G. Let ݎ ൅ ݏ ൌ ݊ݍ ൅  .where 0 ≤ t < n ݐ

ˢݓʳݓ ∴ ൌ ʳ⁺ˢݓ ൌ ௤௡ା௧ݓ ൌ ሺݓⁿሻ௤ݓᵗ ൌ ᵗݓ ∈  .ܩ

We know that usual multiplication of complex numbers is associative. 

1 ∈ G is the identity element. 

Inverse of ݓʳ is ݓ௡ି௥. Hence G is a group. 
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Example 18. Let G={a+b√2 :a,bϵ Z}. Then G is a group under usual addition. 

Proof. Let ܽ ൅ ܾ√2 and ܿ ൅ ݀√2 ∈ G.  

Then ሺܽ ൅ ܾ√2ሻ ൅ ሺܿ ൅ ݀√2ሻ ൌ ሺܽ ൅ ܿሻ ൅ ሺܾ ൅ ݀ሻ√2 ∈  .ܩ

We know that usual addition is associative. 

0 ൌ 0 ൅ 0√2 ∈ is the identity element. െܽ ܩ െ ܾ√2 is the inverse of a ൅ܾ√2. 

Hence G is a group. 

Example 19. Let G be the set of all real numbers except −1. Define ∗ on G by a ∗ b = a + 

b + ab. Then (G, ∗) is a group. 

Proof. Let a, b ∈ G. Then a ≠ −1 and b ≠ −1. We claim that a ∗ b ≠ −1. 

Suppose a ∗ b = −1. Then a + b + ab = −1 so that a + b + ab + 1 = 0. 

i.e., (a + 1)(b + 1) = 0 so that either a = −1 or b = −1 which is a contradiction. 

Hence a ∗ b ≠ −1 and thus ∗ is a binary operation on G. 

To	prove	∗ is associative 

a ∗ (b ∗ c)= a ∗ (b + c + bc) 
  = a + (b + c + bc) + a(b + c + bc) 
  = a + b + c + bc + ab + ac + abc. 

Also (a ∗ b) ∗ c = (a + b + ab) ∗ c 
             = a + b + ab + c + (a + b + ab)c 
             = a + b + c + ab + ac + bc + abc. 

Hence a ∗ (b ∗ c) = (a ∗ b) ∗ c. 

0 is the identity, for a ∗ 0 = a + 0 + a0 = a and 0 ∗ a = 0 + a + 0a = a. 

Now, let a' be such that a ∗ a' = 0. Hence a + a' + aa' = 0 so that a' = −a/(1+a). 

Since a ≠ −1, we have a' ∈ R − {−1}. 

Also a' ∗ a = (−a/(1 + a)) ∗ a= −a/(1+a) + a + (−a²/(1+a))= 0. 

Hence a' is the inverse of a. Thus G is a group. 
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Example 20. In R* we define a ∗ b = (1/2)ab. Then (R*, ∗) is a group. 

Proof. Obviously ∗ is a binary operation in R*. 

Let ܽ, ܾ, ܿ ∈ ܴ ∗. 
Then ሺܽ ∗ ܾሻ ∗ ܿ ൌ ሾሺ1/2ሻܾܽሿ ∗ ܿ ൌ ሺ1/4ሻܾܽܿ =ܽ ∗ ሺܾ ∗ ܿሻ. Hence ∗ is associative. 

Let ݁ ∈ ܴ ∗ be such that ܽ ∗ ݁ ൌ ܽ.  

∴ ሺ1/2ሻܽ݁ ൌ ܽ and hence ݁ ൌ 2. 

∴ 2 ∗ ܽ ൌ ܽ ∗ 2 ൌ ܽ. Hence 2 is the identity. 

Let ܽ ∈ ܴ ∗. Let ܾ ∈ ܴ ∗ be such that ܽ ∗ ܾ ൌ 2. Then ሺ1/2ሻܾܽ ൌ 2, i.e. ܾ ൌ 4/ܽ. 

∴ ܽ ∗ ሺ4/ܽሻ ൌ 1/2ሺܽሻሺ4/ܽሻ ൌ 2 i.e., ሺ4/ܽሻ is the inverse of a. Thus (R*, ∗) is a group. 

Example 21.  

Let fₐ : R → R be the function defined by fₐ(x) = x + a. Then G = {fₐ / a ∈ R} is a group 

under composition of functions. 

Proof. Let fₐ, fb ∈ G. 

Then ሺ݂ₐ ∘ ௕݂ሻሺݔሻ ൌ ሺ݂ₐሺ ௕݂ሺݔሻሻ ൌ ݂ₐሺݔ ൅ ܾሻ ൌ ݔ ൅ ܾ ൅ ܽ ൌ ௕݂ା௔ሺݔሻ. 
Hence ݂ₐ ∘ ௕݂ ൌ ௕݂ା௔ ∈  .ܩ

We know that composition of mappings is associative. 

Also fa∘ ଴݂ ൌ ௔݂ା଴ ൌ ݂ₐ ൌ ݂₀ ∘ ݂ₐ. Hence ݂₀ is the identity. 

Also ݂ₐ ∘ ݂ି ௔ ൌ ݂₀ ൌ ݂ି ௔ ∘ ݂ₐ. Hence ݂ି ௔ is the inverse of ݂ₐ. 
Hence G is a group. 

Definition. Let Zn= {0, 1, 2, …, n − 1}. 

Let ܽ, ܾ ∈ ܼ௡. Let ܽ ൅ ܾ ൌ ݊ݍ ൅ where 0 ݎ ൑ ݎ ൏ ݊. 

We define ܽ ⊕ ܾ ൌ ܾܽ Let.ݎ ൌ ݊′ݍ ൅ ܽ where 0 ≤ s < n. We define ݏ ⊙ ܾ ൌ  .ݏ
The binary operations ⊕ and ⊙ are called addition modulo n and multiplication modulo 
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n respectively. 

Example 22.  (Zn, ⊕) is a group. 

Proof. Clearly ⊕ is a binary operation in Zn. 

Let a, b, c ∈ Zn. Letܽ ൅ ܾ ൌ ₁݊ݍ ൅ where 0 ₁ݎ ൑ ₁ݎ ൏ ݊ … (1) 

ܾ ൅ ܿ ൌ ₂݊ݍ ൅ where 0 ₂ݎ ൑ ₂ݎ ൏ ݊ … (2) 

r₁ + c = q₃n + r₃ where 0 ൑ ₃ݎ ൏ ݊ … (3) 

∴ ܽ ൅ ܾ ൅ ܿ ൌ ሺ₁ݍ ൅ ₂ሻ݊ݍ ൅  (using 1 and 3) ₃ݎ

∴ ܽ ൅ ₂݊ݍ ൅ ₂ݎ ൌ ሺ₁ݍ ൅ ₃ሻ݊ݍ ൅  (by 2) ₃ݎ

 ܽ ൅ ₂ݎ ൌ ₄݊ݍ ൅ ₄ݍ where ₃ݎ ൌ ₁ݍ ൅ ₂ݍ െ  (4) … 3ݍ

Now ሺܽ ⊕ ܾሻ⊕ ܿ ൌ ⊕₁ݎ ܿ ൌ  (by 3) ₃ݎ

Also ܽ ⊕ ሺܾ ⊕ ܿሻ ൌ ܽ ⊕ ₂ݎ ൌ  .Hence ⊕ is associative .(by 4) ₃ݎ

Clearly the identity element is 0 and the inverse of ܽ ∈ ܼ୬ is ݊ െ ܽ. 

Hence ሺܼ௡,⊕ሻ is a group. 

Note 1. (Zn, ⊕) is called the group of integers modulo n. 

Note 2. This example shows that for any positive integer n there exists a group with n 

elements. 

Example 23. Let n be a prime. Then ܼn െ ሼ0ሽ is a group under multiplication modulo n. 

Proof. Let ܽ, ܾ ∈ ܼ௡ െ ሼ0ሽ. Then a ≠ 0 and b ≠ 0.  

Now by definition ܽ ⊙ ܾ ∈ ܼ୬∗ 
 We claim that ܽ ⊙ ܾ ് 0.  

Suppose ܽ ⊙ ܾ ൌ 0. Then ݊|ܾܽ. Since n is prime ݊|ܽ or ݊|ܾ. 

∴ ܽ ൌ 0 or ܾ ൌ 0 which is a contradiction. Hence ܽ ⊙ ܾ ∈ ܼ௡ െ ሼ0ሽ. 
Now, let ܽ, ܾ, ܿ ∈ ܼ୬ െ ሼ0}. 
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 Let  ܾܽ ൌ ₁݊ݍ ൅ where 0 ₁ݎ ൑ ₁ݎ ൏ ݊ … (1) 
 ܾܿ ൌ ₂݊ݍ ൅ where 0 ₂ݎ ൑ ₂ݎ ൏ ݊ … (2) 

₁ܿݎ ൌ ₃݊ݍ ൅ where 0 ₃ݎ ൑ ₃ݎ ൏ ݊ … (3) 

∴ ܾܽܿ ൌ ₁݊ܿݍ ൅  (by 1) ₁ܿݎ
  ൌ ܽሺ₂݊ݍ ൅ ₂ሻݎ ൌ ₁݊ݍ ൅ ₃݊ݍ ൅  (using 2 and 3) ₃ݎ

₂ݎܽ  ൌ ₄݊ݍ ൅ ₄ݍ where ₃ݎ ൌ ₁ܿݍ ൅ –₃ݍ  (4) … ₂ݍܽ

Now ሺܽ ⊙ ܾሻ⊙ ܿ ൌ ⊙₁ݎ ܿ ൌ  (by 3) ₃ݎ

Also ܽ ⊙ ሺܾ ⊙ ܿሻ ൌ ܽ ⊙ ₂ݎ ൌ  (by 4) ₃ݎ

ሺܽ ⊙ ܾሻ⊙ ܿ ൌ ܽ ⊙ ሺܾ ⊙ ܿሻ 
Hence ⊙ is associative. 

1 ∈ ܼ௡ െ ሼ0ሽ is the identity element. 

Let ܽ ∈ ܼ௡ െ ሼ0}. 

Since n is prime ሺܽ, ݊ሻ ൌ 1. Hence the linear congruence ܽݔ ≡ 1ሺmod݊ሻ has a unique 

Solution, say ܾ ∈ ܼ௡ െ ሼ0}. Clearly ܽ ⊙ ܾ ≡ ܾ ⊙ ܽ ≡ 1. Thus b is the inverse of a. 

Hence ܼ௡ െ ሼ0} is a group. 

Note. The above result is not true if n is a composite number. 

 For, if n is a composite number, let ݊ ൌ where 1 ݍ݌ ൏ ݌ ൏ ݊ and 1 ൏ ݍ ൏ ݊.  

Clearly ݌, ݍ ∈ ܼ௡ െ ሼ0}. But ݌ ⊙ ݍ ≡ 0. 

Hence ܼ௡ െ ሼ0} is not closed under ⊙. Hence it is not a group. 

Example 24. The set of all positive integers less than n and prime to it is a group under 

Multiplication modulo n. 

Proof. Let ܩ ൌ ሼ݉/݉ ൏ ݊	ܽ݊݀	ሺ݉, ݊ሻ ൌ 1}. 

Let ݌, ݍ ∈ ݍ݌ Obviously .ܩ ൏ ݊ and ሺݍ݌, ݊ሻ ൌ 1. Now let ݍ݌ ൌ ݊ݏ ൅ ,ݎ 0 ൏ ݎ ൏ ݊.  

Since ݌ ⊙ ݍ ൌ  .(by definition) ݎ
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We claim that ሺݎ, ݊ሻ ൌ 1. 

Suppose ሺݎ, ݊ሻ ൌ ܽ ൐ 1, then a|r and a|n. Hence ܽ|ݎ ൅  .Also a|n .ݍ݌|ܽ ,.i.e ݊ݏ

Hence ሺݍ݌, ݊ሻ ് 1, which is a contradiction. Hence ݎ ∈   .⊙ is closed under ܩ Hence .ܩ

We know that multiplication modulo n is associative. 1 ∈   .is the identity element ܩ

Let ܽ ∈ ,Then ሺܽ .ܩ ݊ሻ ൌ 1. Hence the linear congruence ܽݔ ≡ 1ሺmod݊ሻ has a unique  

solution for ݔ, say ܾ. 

ܾܽ ≡ 1ሺmod݊ሻ, ܾܽ ൌ ݊ݍ ൅ 1. 

Now ܿ|ܾ and ܿ|݊ ⇒ ܿ|ሺܾܽ െ ሻ݊ݍ ⇒ ܿ|1 ⇒ ܿ ൌ 1.  

Thus ሺܾ, ݊ሻ ൌ 1. Hence ܾ ∈  .is a group ܩ and is the inverse of ܽ. Thus ܩ

Example 27. In N we define a * b = a. Then (N, *) is not a group. 

Proof. Clearly * is an associative binary operation on N.  

However, there is no element ݁ ∈ ܰ such that ݁ ∗ ܽ ൌ ܽ for all ܽ ∈ ܰ. Hence there is no  

dentity element in ሺܰ,∗ሻ. Hence ሺܰ,∗ሻ is not a group. 

Definition. A group ܩ is said to be abelian if ܾܽ ൌ ܾܽ for all ܽ, ܾ ∈   A group which is .ܩ

not abelian is called a non-abelian group. 

Examples 

1. Z, Q, R and C under usual addition are abelian groups. 

2. (ܲ(S), Δ) is an abelian group since A	Δ	B	 ൌ 	B	Δ	A for all A, B ϵ P(S). 

3. Let B(R) denote the set of all bijections from R to R. Then B(R) is a group under the 

composition of functions. This group is non-abelian. For, consider 

 f : R → R given by f(x) = x + 3 and 

 g : R → R given by g(x) = 2x. Clearly f and g are bijections. 

 ሺ݂ ○ ݃ሻሺݔሻ ൌ ݂ሺ݃ሺݔሻሻ ൌ ݂ሺ2ݔሻ ൌ ݔ2 ൅ 3 and 

 ሺ݃ ○ ݂ሻሺݔሻ ൌ ݃ሺ݂ሺݔሻሻ ൌ ݃ሺݔ ൅ 3ሻ ൌ ݔ2 ൅ 6. 
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 Hence ݂ ○ ݃ ് ݃ ○ ݂. 

 Hence B(R) is non-abelian. 

4. (Zn,⊕ሻ is an abelian group. 

Exercises 

1. Determine which of the groups given in 3.1 are abelian. 

2. Let 5ܼ ൌ ݔ/ݔ5 ∈ ܼ. Show 5Z is an abelian group under usual addition. 

3. Let n be a fixed integer. Let ܼ݊ ൌ ሼ݊ݔ	ݔ/ ∈ ܼሽ. Show that ܼ݊ is an abelian group 

under usual addition. 

4. Let ܩ ൌ ሼ2ⁿ/݊ ∈ ܼሽ. Show that G is an abelian group under usual multiplication. 

 

3.2. Elementary Properties of Group 

Theorem 3.1. Let G be a group. Then 

(i) identity element of G is unique. 

(ii) for any ܽ ∈  .the inverse of ܽ is unique ,ܩ

Proof.(i) Let  ݁ and ݁′ be two identity elements of  ܩ. Then  

݁݁′ ൌ ݁ ′ (since ݁′  is an identity). 

Also ݁݁′ ൌ ݁  (since  ݁′ is an identity). 

Hence ݁ ൌ ݁′. 

(ii) Let ܽ′ and  ܽ′′ be two inverses of  a. 
Hence  ܽܽ′ ൌ ܽ′ܽ ൌ ݁ and  ܽܽ′′ ൌ ܽ′′ܽ ൌ ݁ . 

∴ ܽ′′ ൌ ܽ′′݁ ൌ ܽ′′ሺܽܽ′ሻ ൌ ሺܽ′′ܽሻܽ′ ൌ ݁ܽ′ ൌ ܽ′. 
Hence inverse is unique. 

Note. We denote the inverse of ܽ by ܽିଵ. 

Theorem 3.2. In a group the left and right cancellation laws hold  
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(i.e.) ܾܽ ൌ ܽܿ ⇒ ܾ ൌ ܿ and	ܾܽ ൌ ܿܽ ⇒ ܾ ൌ ܿ . 

Proof. ܾܽ ൌ ܽܿ ⇒ ܽିଵሺܾܽሻ ൌ ܽିଵሺܽܿሻ 
                			⇒ ሺܽିଵܽሻܾ ൌ ሺܽିଵܽሻܿ ⇒ ܾ݁ ൌ ݁ܿ ⇒ ܾ ൌ ܿ. 

Similarly we can prove that  ܾܽ ൌ ܿܽ ⇒ ܾ ൌ ܿ. 

Theorem 3.3. Let ܩ  be a group and  ܽ, ܾ ∈ 	Then the equations ax .ܩ ൌ 	b and ܽݕ ൌ ܾ 

have unique solutions for ݔ and ݕ in ܩ. 

Proof.Consider	ܽିଵܾ ∈ Then ܽሺܽିଵܾሻ.ܩ ൌ ሺܽܽିଵሻܾ ൌ ܾ݁ ൌ ܾ. 

Hence  ݔ ൌ ܽିଵܾ is a solution of ܽݔ ൌ ܾ.Now, to prove the uniqueness, let ݔଵ and ݔଶ be 

two solutions of ܽݔ ൌ ܾ. Then ܽݔଵ ൌ ܾ and ܽݔଶ ൌ ܾ. 

∴ ଵݔܽ ൌ ଵݔ ଶ which impliesݔܽ ൌ ⇒.ଶݔ ݔ ൌ ܽିଵܾ is the unique solution for ܽݔ ൌ
ܾ.Similarly we can prove that ݕ ൌ ܾܽିଵ is the unique solution of the equation ܽݕ ൌ ܾ. 

Theorem 3.4. Let G be a group. Let ܽ, ܾ ∈ Then ሺܾܽሻିଵ .ܩ ൌ ܾିଵܽିଵ and (ܽିଵሻିଵ ൌ ܽ. 

Proof. ሺܾܽሻሺܾିଵܽିଵሻ ൌ ܽሺܾܾିଵሻܽିଵ ൌ ܽ݁ܽିଵ ൌ ܽܽିଵ ൌ ݁. 

Similarly ሺܾିଵܽିଵሻሺܾܽሻ ൌ ݁. 

Hence ሺܾܽሻିଵ ൌ ܾିଵܽିଵ. 

Proof of the second part is obvious. 

Corollary. If ܽଵ, ܽଶ, … , ܽ௡ 	 ∈ then ሺܽଵܽଶ⋯ܽ௡ሻିଵ  ܩ ൌ ܽ௡ି ଵܽ௡ିଵିଵ ⋯ܽଵି ଵ. 

Definition. Let G be a group and a ϵ G. For any positive integer n we define ܽ௡ ൌ
ܽ. ܽ … . ܽ (a written n times) 

Clearly ሺܽ௡ሻିଵ ൌ ሺܽ. ܽ …ܽሻିଵ ൌ ሺܽିଵܽିଵ… . ܽିଵሻ ൌ ሺܽିଵሻ௡ 

We now define ܽି௡ ൌ ሺܽିଵሻ௡ ൌ ሺܽ௡ሻିଵ 

Finally we define ܽ଴ ൌ ݁. Thus ܽ௡is defined for all integer n. 
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Note. When the binary operation on G is “+”, we denote ܽ ൅ ܽ ൅ ⋯൅ ܽ (written n times) 

as  na. 

Theorem 3.5. 

(i)  ܽ௠ܽ௡ ൌ ܽ௠ା௡, ݉, ݊ ∈ Ժ. 

(ii) ሺܽ௠ሻ௡ ൌ ܽ௠௡, ݉, ݊ ∈ Ժ. 

Note. In additive notation the above results take the form   

݉ܽ ൅ ݊ܽ ൌ ሺ݉ ൅ ݊ሻܽ  and  

݊ሺ݉ܽሻ ൌ ሺ݉݊ሻܽ. 

Proof. (i) When n=0 the result follows directly from the definition. Now let n>0. We prove 

by induction on n. 

When ݉ ൒ 0, ܽ௠ାଵ ൌ ܽ௠ܽଵ (by definition). 

When ݉ ൌ െ1, ܽ௠ାଵ ൌ ܽ଴ ൌ ݁ and ܽ௠ܽଵ ൌ ܽିଵܽ ൌ ݁. 

Hence  ܽ௠ାଵ ൌ ܽ௠ܽଵ. 

When ݉ ൑ െ2 let ݉ ൌ െ݌, ݌ ൒ 2. 

ܽ௠ܽ ൌ ሺܽି௣ሻܽ ൌ ሺܽିଵሻ௣ܽ ൌ ሺܽିଵሻ௣ିଵܽିଵܽ ൌ ܽି௣ାଵ ൌ ܽ௠ାଵ. 
Hence ܽ௠ାଵ ൌ ܽ௠ܽ  for all ݉ ∈ Ժ. 

Hence the result is true for n=1. Suppose now that the theorem is valid for n=k>1.  

Then ܽ௠ܽ௞ ൌ ܽ௠ା௞. 

∴ ܽ௠ܽ௞ାଵ ൌ ܽ௠ሺܽ௞ܽሻ ൌ ሺܽ௠ܽ௞ሻܽ ൌ ܽ௠ା௞ܽሺ݄ݏ݅ݏ݄݁ݐ݋݌ݕሻ 
																										ൌ 	 ܽ௠ା௞ାଵሺܾݕ	݊݋݅ݐ݂݅݊݅݁݀ሻ. 
Thus it follows that the theorem is valid for n=k+1. Hence by induction the theorem holds 

for all positive integers n. 

Finally if n<0, we can prove the result by induction on -n. 

Proof of (ii) is left to the reader. 

Solved Problems 

Problem 1. Show that in a group G, ݔଶ ൌ  .if and only if x = e ݔ

Solution. Clearly ݁ଶ ൌ ݁݁ ൌ ݁. Conversely, let ݔଶ ൌ  .ݔ

Then x x = x e. Hence by cancellation law x = e. 
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Note. An element ܽ ∈ is called idempotent if ܽଶ ܩ ൌ ܽ. Thus we have shown that in a 

group G, the identity element is the only idempotent element. 

Problem 2. In an abelian group ሺܾܽሻଶ ൌ ܽଶܾଶ. 

Solution. ሺܾܽሻଶ ൌ ሺܾܽሻሺܾܽሻ ൌ ܽሺܾܽሻܾ ൌ ܽሺܾܽሻܾ ൌ ሺܽܽሻሺܾܾሻ ൌ ܽଶܾଶ. 

 

Note. In general for any positive integer  ݊, ሺܾܽሻ௡ ൌ ܽ௡ܾ௡ (prove by using induction). 

 

Problem 3. Let G be a group such that ܽଶ ൌ ݁ for all ܽ ∈  .Then G is abelian .ܩ

Solution.  ܽଶ ൌ ݁ ⇒ ܽܽ ൌ ݁ ⇒ ܽ ൌ ܽିଵ. 

Now, ܾܽ ൌ ሺܾܽሻିଵ ൌ ܾିଵܽିଵ ൌ ܾܽ. 

Hence G is abelian. 

 

Problem 4. Let G be a group in which ሺܾܽሻ௠ ൌ ܽ௠ܾ௠ for three consecutive integers and 

for all ܽ, ܾ ∈  .Then G is abelian .ܩ

Solution. Let ܽ, ܾ ∈  .ܩ

Let ሺܾܽሻ௠ ൌ ܽ௠ܾ௠; ሺܾܽሻ௠ାଵ ൌ ܽ௠ାଵܾ௠ାଵ and (ܾܽሻ௠ାଶ ൌ ܽ௠ାଶܾ௠ାଶ. 

Now,	ሺܾܽሻ௠ାଵ ൌ ܽ௠ାଵܾ௠ାଵ ⇒ ሺܾܽሻ௠ሺܾܽሻ ൌ ሺܽ௠ܽሻሺܾܾ௠ሻ 
												⇒ ሺܽ௠ܾ௠ሻሺܾܽሻ ൌ ሺܽ௠ܽሻሺܾܾ௠ሻ 
												⇒ ܾ௠ܽ ൌ ܾܽ௠ሺܾݕ	݊݋݅ݐ݈݈ܽ݁ܿ݊ܽܿ	ݓ݈ܽሻ . . . ሺ1ሻ 

Similarly ሺܾܽሻ௠ାଶ ൌ ܽ௠ାଶܾ௠ାଶ ⇒ ܾ௠ାଵܽ ൌ ܾܽ௠ାଵ 
⇒ ܾ௠ܾܽ ൌ ܾܽ௠ܾ 

⇒ ܾ௠ܾܽ ൌ ܾ௠ܾܽሺܾݕሺ1ሻሻ 
⇒ ܾܽ ൌ ܾܽሺܾݕ	݊݋݅ݐ݈݈ܽ݁ܿ݊ܽܿ	ݓ݈ܽሻ 

Thus G is abelian. 

 

Problem 5. Let ሺܪ,⋅ሻ and ሺܭ,∗ሻ be groups. We define a binary operation □ on ሺܪ ൈ  ሻ byܭ

ሺ݄ଵ, ݇ଵሻ□ሺ݄ଶ, ݇ଶሻ ൌ ሺ݄ଵ݄ଶ, ݇ଵ ∗ ݇ଶሻ. Then ܪ ൈ  .is a group ܭ

Note.ܪ ൈ  .ܭ and ܪ is called the direct product of ܭ

Solution. First we shall prove that □ is associative. 

Let ሺ݄ଵ, ݇ଵሻ, ሺ݄ଶ, ݇ଶሻ, ሺ݄ଷ, ݇ଷሻ ∈ ܪ ൈ  .ܭ
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ሺ݄ଵ, ݇ଵሻ□ሺ݄ଶ, ݇ଶሻሿ□ሺ݄ଷ, ݇ଷሻ ൌ ሺ݄ଵ݄ଶ, ݇ଵ ∗ ݇ଶሻ□ሺ݄ଷ, ݇ଷሻ 
                  ൌ ሺሺ݄ଵ݄ଶሻ݄ଷ, ሺ݇ଵ ∗ ݇ଶሻ ∗ ݇ଷሻ 
																																																				ൌ ሺ݄ଵሺ݄ଶ݄ଷሻ, ݇ଵ ∗ ሺ݇ଶ ∗ ݇ଷሻሻ 
              ൌ ሺ݄ଵ, ݇ଵሻ□ሺሺ݄ଶ, ݇ଶሻ□ሺ݄ଷ, ݇ଷሻሻ 
Hence □ is associative. 

Let ሺ݁, ݁ଵሻ be the identities of the groups H and K respectively. Clearly ሺ݁, ݁ଵሻ is the 

identity element in ܪ ൈ  .ܭ

Also ሺ݄ିଵ, ݇ିଵሻ is the inverse of ሺ݄, ݇ሻ. 
Hence ܪ ൈ  .is a group ܭ

Exercises 

1. Prove that if (H) and (K) are abelian groups, then ሺܪ ൈ  .ሻ is also an abelian groupܭ

2. Show that in a group ܽିଵ ൌ ܾିଵ ⇒ ܽ ൌ ܾ. 

3.4. Permutation Groups 

In example 9 of 3.1 we have seen that the set of all bijections B(A) from A to itself is a 

group under the composition of functions. In this section we make a detailed study of this 

group when A is finite. 

Definition. Let A be a finite set. A bijection from A to itself is called a permutation of A. 

For example, if Aൌ ሼ1,2,3,4ሽ f:A →A given by f(1)=2,	fሺ2ሻ ൌ 1,fሺ3ሻ ൌ 4 and f(4)=3 is a 

permutation of A. We shall write this permutation as ቀ1 2 3 4
2 1 4 3

ቁ. 

An element in the bottom row is the image of the element just above it in upper row. 

Note. 	ቀ1 2 3 4
2 1 4 3

ቁ ൌ ቀ4 3 1 2
3 4 2 1

ቁ 
Hence any rearrangement of columns in a permutation is immaterial. 

Definition. Let A be a finite set containing elements. The set of all permutations of A is 

clearly a group under the composition of functions. This group is called the symmetric 

group of degree n and is denoted by Sn. 
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Example. Let Aൌ ሼ1,2,3ሽ. Then S3 consists of  

݁ൌ ቀ1 2 3
1 2 3

ቁ ; pଵ ൌ ቀ1 2 3
2 3 1

ቁ ;
pଶൌ ቀ1 2 3

3 1 2
ቁ ; pଷ ൌ ቀ1 2 3

1 3 2
ቁ ;

pସൌ ቀ1 2 3
3 2 1

ቁ ; pହ ൌ ቀ1 2 3
2 1 3

ቁ
 

In this group, e is the identity element. We now compute the product p1p2. 

 1 2 3    

 3 2 1 ↓ ↓ ↓ :1݌

 2 3 1 Hence 2݌1݌: ↓ ↓ 
pଶ: ↓ ↓ ↓  1 2 

 1 2 3    

so that p1p2=e 

Now, pଵp4 ൌ ቀ1 2 3
2 3 1

ቁ ቀ1 2 3
3 2 1

ቁ ൌ ቀ1 2 3
2 1 3

ቁ ൌ  Similarly we can compute all the .5݌

other products and the Cayley table for this group is given by 

 5݌ 4݌ 3݌ 2݌ 1݌ ݁ 

݁ ݁	  ହ݌ ସ݌ ଷ݌ ଶ݌ ଵ݌

	݁ ଶ݌ ଵ݌ ଵ݌  ଷ݌ ହ݌ ସ݌

	݁ ଶ݌ ଶ݌  ସ݌ ଷ݌ ହ݌ ଵ݌

	݁ ସ݌ ହ݌ ଷ݌ ଷ݌  ଵ݌ ଶ݌

	݁ ଵ݌ ହ݌ ଷ݌ ସ݌ ସ݌  ଶ݌

	݁ ଵ݌ ଶ݌ ଷ݌ ସ݌ ହ݌ ହ݌
 

Thus ܵ3 is a group containing 3! ൌ 6 elements: 

Remarks. 

1. In section 2.4 we have defined the composition ݂݃ of two functions ݂ and ݃ by 

ሺ݃ ∘ ݂ሻሺݔሻ ൌ ݃ሾ݂ሺݔሻሿ. 
Hence to find the image of any element ݔ under ݃ ∘ ݂, we first apply ݂ and then ݃. 
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However in forming the product of two permutations ݌ଵ and ݌ଶ we adopt a different 

convention. To find the image of ݔ under the product ݌ଵ݌ଶ, we first apply ݌ଵ and then ݌ଶ. 

2. In ܵଷ, ଶ݌ଵ݌ ൌ ଵ݌ଶ݌ ൌ ݁ so that the inverse of ݌ଵ is ݌ଶ. In general the inverse of a 

permutation can be obtained by interchanging the rows of the permutation. 

For example, if ݌ ൌ ቀ1 2 3 4 53 4 2 5 1ቁ then the inverse of ݌ is the permutation given by 

ଵି݌  ൌ ቀ3 4 2 5 11 2 3 4 5ቁ ൌ ቀ1 2 3 4 55 3 1 2 4ቁ 
3.  In ܵଷ, ସ݌ଵ݌ ൌ ଵ݌ସ݌ ହ and݌ ൌ ସ݌ଵ݌ ଷ. Hence݌ ്  .ଵ so that ܵଷ is non-abelian݌ସ݌

4. The symmetric group ܵ௡ contains  ! elements, for, let ܣ ൌ ሺ1,2, … ,݊ሻ. Any 

permutation on ܣ is given by specifying the image of each element. The image of 1 can be 

chosen in ݊ different ways. Since the image of two is different from the image of 1 , it can 

be chosen in ሺ݊ െ 1ሻ different ways and so on. 

Hence the number of permutations of Λ is ݊ሺ݊ െ 1ሻ……2.1 ൌ ݊! so that the number of 

elements in ܵ௡ is ݊!. 
 

Definition. Let ܩ be a finite group. Then the number of elements in ܩ is called the order 

of ܩ and is denoted by |ܩ| or ∘ ሺܩሻ. 
Exercises 

1. Compute ߚߙ,  ଵ ifିߙ and ߙߚ
(a) ߙ ൌ ቀ1 2 3 42 4 1 3ቁ ; ߚ		 ൌ ቀ1 2 3 43 4 1 2ቁ 
(b) ߙ ൌ ቀ1 2 3 4 5 6

2 3 1 4 6 5
ቁ; ߚ ൌ ቀ1 2 3 4 5 6

2 3 4 5 6 1
ቁ 

    (c) ߙ ൌ ቀ1 2 3 4 5 6 7
3 4 7 2 5 6 1

ቁ ; ߚ ൌ ቀ1 2 3 4 5 6 7
7 6 2 3 4 5 1

ቁ 

 

Consider the permutation ቀ1 2 3 4 52 3 4 5 1ቁ.  
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In this permutation 1 → 2 → 3 → 4 → 5 → 1. Thus the permutation maps the symbols in a 

cyclic order. Now consider the permutation ቀ1 2 3 4 51 3 4 5 2ቁ. This permutation fixes the 

symbol 1 and maps the remaining symbols in a cyclic order. 

Definition. Let ݌ be a permutation on ܣ ൌ ሼ1,2,… ,݊ሽ.  is called a cycle of length ࢘ if ݌

there exist distinct symbols ܽଵ, ܽଶ…… ,ܽ௥ such that 

ሺܽଵሻ݌ ൌ ܽଶ, ሺܽଶሻ݌ ൌ ܽଷ, … , ሺܽ௥ିଵሻ݌ ൌ ܽ௥, and ݌ሺܽ௥ሻ ൌ ܽଵ, and ݌ሺܾሻ ൌ ܾ, for all 

ܾ ∈ ܣ െ ሼܽଵ, ܽଶ… ,ܽ௥ሽ. 
This cycle is represented by the symbol ሺܽଵ, ܽଶ……�ܽ௥ ). Thus under the cycle ( ܽଵ, ܽଶ…ܽ௥ 

) each symbol is mapped onto the following symbol except the last one which is mapped 

onto the first symbol and all the other symbols not in the cycle are fixed. 

Example. Let ܣ ൌ ሼ1,2,3,4,5ሽ. Consider the cycle of length 4 given by ݌ ൌ ሺ2451ሻ. 
Then ݌ ൌ ቀ1 2 3 4 52 4 3 5 1ቁ 

Obviously ሺ2451ሻ ൌ ሺ4512ሻ ൌ ሺ5124ሻ ൌ ሺ1245ሻ. 
Note. Since cycles are special types of permutations, they can be multiplied in the usual 

way. The product of cycles need not be a cycle. 

For example, let ݌ଵ ൌ ሺ234ሻ and ݌ଶ ൌ ሺ1,5ሻ. Then 

ଶൌ݌ଵ݌ ቀ1 2 3 4 51 3 4 2 5ቁ ቀ1 2 3 4 55 2 3 4 1ቁ
ൌ ቀ1 2 3 4 55 3 4 2 1ቁ  which is not a cycle. 

 

Definition. Two cycles are said to be disjoint if they have no symbols in common. 

For example (2 1 5) and (3 4) are disjoint cycles. 

Note. If ݌ଵ and ݌ଶ are disjoint cycles the symbols which are moved by ݌ଵ are fixed by ݌ଶ 

and vice versa. Hence multiplication of disjoint cycles is commutative. 
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Examples 

1. Consider the permutation ቀ1 2 3 4 5 6 72 1 3 5 6 7 4ቁ. 

Now write this permutation as a product of disjoint cycles. First of all 1 is moved to 2 and 

then 2 is moved to 1 thus giving the cycle ( 12 ). The element 3 is left fixed. Again starting 

with 4,4 is moved to 5,5 is moved to 6,6 is moved to 7 and 7 is moved to 4 , thus giving 

the cycle (4567). Thus 

ቀ1 2 3 4 5 6 72 1 3 5 6 7 4ቁൌ ሺ12ሻሺ4567ሻ
ൌ ሺ4567ሻሺ12ሻ. 

2. Consider the permutation 

ߙ ൌ ቀ1 2 3 4 5 6 72 3 7 5 4 1 6ቁ ∈ ܵ଻. 

Starting with 1 we get the cycle ( 1 2 3 7 6 ). The elements 4,5 do not appear in it. Starting 

with 4 we get the cycle (45). Each element of the set ሼ1,2, … ,… ,7ሽ occurs in one of these 

two cycles. 

Thus ߙ ൌ ሺ12376ሻሺ45ሻ. 
3. Consider the permutation 

ߙ ൌ ቀ1 2 3 4 5 64 6 1 3 2 5ቁ. 
Clearly ߙ ൌ ሺ143ሻሺ265ሻ. 
Theorem 3.10. Any permutation can be expressed as a product of disjoint cycles. 

Proof. Let ݌ be a given permutation of the set ܵ ൌ ሼ1,2…… , ݊ሽ. Let us start with any 

symbol ܽଵ ∈ ܵ. Let ݌ሺܽଵሻ ൌ ܽଶ, ሺܽଶሻ݌ ൌ ܽଷ……. Since ܵ is finite, these symbols cannot 

all be distinct and hence there exists a least positive integer ݎ such that 1 ൑ ݎ ൑ ݊ and 

ሺܽ௥ሻ݌ ൌ ܽଵ. 

Let ܿ ൌ ሺܽଵ, ܽଶ, …… ܽ௥ሻ. If ݎ ൌ ݊ then ݌ ൌ ܿ so that ݌ is a cycle. If ݎ ൏ ݊, let ܾଵ be a 

symbol in ܵ such that ܾଵ ∉ ሺܽଵ, ܽଶ…… , ܽ௥ሻ. Starting with ܾଵ we can construct the cycle 

݀ ൌ ሺܾଵܾଶ…… ,ܾ௦ሻ as before. Clearly the cycles ܿ and ݀ are disjoint. If ݎ ൅ ݏ ൌ ݊ then 

݌ ൌ ܿ݀. If ݎ ൅ ݏ ൏ ݊ we repeat the above process to obtain more cycles until all the 

symbols appear in one of the cycles. Thus we get a decomposition of ݌ into disjoint cycles. 
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Exercise. Express the following permutations as a product of disjoint cycles. 

(a) ቀ1 2 3 4 54 2 5 1 3ቁ 
(b) ቀ1 2 3 4 53 4 5 2 1ቁ 
(c) ሺ1234ሻሺ345ሻ 
(d) ሺ13ሻሺ34ሻሺ45ሻ 
(e) ሺ123ሻሺ16543ሻ 
(f) ሺ4215ሻሺ3426ሻሺ5671ሻ 
(g) ቀ1 2 3 4 5 63 5 4 2 6 1ቁ 
(h) ቀ1 2 3 4 5 6 75 4 3 7 2 1 6ቁ 

Answers. 

(a) (14) (35)         (b) (135) (24) 

 (c) ሺ124ሻሺ35ሻ 																ሺ d ሻሺ1543ሻ 
(e) 	ሺ12ሻሺ3654ሻ	               (f) 	ሺ16347ሻሺ25ሻ 
(g) (134256)   (h) (152476). 

Note. The decomposition of a permutation intó disjoint cycles is unique except for the 

order of the factors. 

Definition. A cycle of length two is called a transposition. Thus a transposition ( ܽଵܽଶ ) 

interchanges the symbols ܽଵ and ܽଶ and leaves all the other elements fixed. 

Theorem 3.11. Any permutation can be expressed as a product of transpositions. 

Proof. Since any permutation is a product of disjoint cycles it is enough if we prove that 

each cycle is a product of transpositions. Hence let ܿ ൌ ሺܽଵܽଶ…ܽଵሻ be a cycle. 

Clearly ሺܽଵܽଶ…ܽଵሻ ൌ ሺܽଵܽଶሻሺܽଵܽଷሻ…… ሺܽଵܽ௥ሻ. This proves the theorem. 

 



 
 
 

Manonmaniam	Sundaranar	Universiy,	Directorate	&	Continuing	Education, Tirunelveli		 	23	
 

 Examples 

1.  ቀ1 2 3 4 5
3 4 5 2 1ቁ ൌ ሺ1245ሻ ൌ ሺ12ሻሺ14ሻሺ15ሻ.  

Also ሺ1245ሻ ൌ ሺ2451ሻ ൌ ሺ24ሻሺ25ሻሺ21ሻ. 
Thus the representation of a permutation as a product of transpositions is not 

 unique. 

2. ሺ1345ሻሺ26ሻ ൌ ሺ13ሻሺ14ሻሺ15ሻሺ26ሻ ൌ ሺ13ሻሺ12ሻሺ12ሻሺ14ሻሺ15ሻሺ26ሻ. 

Thus in the representation of a permutation as a product of transpositions one can always 

insert ሺܾܽሻሺܾܽሻ in any place since ሺܾܽሻሺܾܽሻ is the identity permutation. 

Theorem 3.12. If a permutation ݌ ∈ ܵ௡ is a product of ݎ transpositions and also a product 

of ݏ transpositions then either ݎ and ݏ are both even or both odd. 

Proof. Let ݌ ൌ ௥ݐ……ଶݐଵݐ ൌ ′ଵݐ ′ଶݐ ′௦ݐ……  where ݐ௜, ′௜ݐ  are transpositions. Now consider the 

polynomial in ݊ variables ݔଵ, ,ଶݔ ……  ௡ given byݔ

Δ ൌሺݔଵ െ ଵݔଶሻሺݔ െ ………ଷሻݔ ሺݔଵ െ ௡ሻݔ
ൈ ሺݔଶ െ ଶݔଷሻሺݔ െ ଶݔସሻ………ሺݔ െ ௡ሻݔ
…………………
………………
ൈ ሺݔ௡ିଵ െ ௡ሻݔ ൌෑ  

௜ழ௝
  ൫ݔ௜ െ ௝൯ݔ

 

For any permutation ݌ ∈ ܵ௡ we define 

ሺΔሻ݌ ൌෑ  
௜ழ௝

൫ݔ௣ሺ௜ሻ െ  .௣ሺ௝ሻ൯ݔ

Consider the transposition ݐ ൌ ሺ݆݅ሻ. Then the factor ݔ௜ െ ௝ݔ ௝ in Δ becomesݔ െ  ௜. Anyݔ

factor ( ݔ௞ െ  ௟ ) of Δ in which neither ݅ nor ݆ is equal to ݇ or ݈ is unchanged. All otherݔ

factors of Δ can be paired to form products of the form േሺݔ௜ െ ௞ݔ௞ሻ൫ݔ െ  ௝൯, the signݔ

being determined by the relative magnitudes of ݅, ݆ and ݇. Since ݐ interchanges ݔ௜ and ݔ௝ 
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any such product is unchanged. Hence the effect of the transposition ݐ on Δ is just to 

change the sign of Δ ie, ݐሺΔሻ ൌ െΔ. 

∴ ሺΔሻ݌	 ൌ ሺݐଵݐଶ……ݐ௥ሻሺΔሻ ൌ ሺെ1ሻ௥Δ. 

Also ݌ሺΔሻ ൌ ൫ݐଵ′ ′ଶݐ ′௦ݐ…… ൯ሺΔሻ ൌ ሺെ1ሻ௦Δ. 

∴ 	 ሺെ1ሻ௥ ൌ ሺെ1ሻ௦ ⇒  .are both even or both odd ݏ and ݎ

Definition. A permutation ݌ ∈ ܵ௡ is called even or odd according as ݌ can be expressed as 

a product of an even number of transpositions or an odd number of transpositions 

respectively. 

Examples 

1. Consider the permutation 

݌ ൌ ቀ1 2 3 4 5 6 7
3 6 4 1 7 2 5ቁ

݌			 ൌ ሺ134ሻሺ26ሻሺ57ሻ ൌ ሺ13ሻሺ14ሻሺ26ሻሺ57ሻ
 

∴  .is a product of 4 transpositions ݌	

Hence ݌ is an even permutation. 

2.  Consider the permutation 

݌ ൌ ቀ1 2 3 4 5 6 7 8 9
2 5 4 3 6 1 7 9 8ቁ 

݌ ൌ ሺ1256ሻሺ34ሻሺ89ሻ ൌ ሺ12ሻሺ15ሻሺ16ሻሺ34ሻሺ89ሻ 
∴  .is a product of 5 transpositions ݌	

Hence ݌ is an odd permutation. 

Exercises 

1. Determine which of the following permutations are odd and which of them are even. 

(a) ቀ1 2 3 4 5 6
2 3 1 5 6 4ቁ 

(b) ቀ1 2 3 4 5 6 7 8
3 4 2 1 6 5 8 7ቁ 

(c) ሺ1234ሻሺ356ሻሺ67ሻ 
(d) (123) (45) (5672). 

2. Find all the even permutations in ܵଷ and show that they form a group. 
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3. For what values of ݉ is a cycle of length ݉ an even permutation? 

Answers. 

(i) (a) even   (b) odd   (c) even    (d) even 

(ii) ݁, ,ଵ݌  ଶ݌

(iii) ݉ is odd. 

Theorem 3.13. 

(i) The product of two even permutations is an even permutation. 

(ii) The product of two odd permutations is an even permutation. 

(iii) The product of an even permutation and an odd permutation is an odd permutation. 

(iv) The inverse of an even permutation is an even permutation. 

(v) The inverse of an odd permutation is an odd permutation. 

(vi) The identity permutation ݁ is an even permutation. 

Proof. Let ݌ଵ,  ଶ is a݌ transpositions and ݎ ଵ is a product of݌ ଶ be two permutations. If݌

product of ݏ transpositions, then ݌ଵ݌ଶ is a product of ݎ ൅  transpositions. Hence (i), (ii) ݏ

and (iii) follow. 

Now suppose that a permutation ݌ is a product of ݎ transpositions, say, ݌ ൌ ,ଵݐ  .௥ݐ…ଶݐ
Then 

ଵൌି݌ ሺݐଵ, …ଶݐ ௥ሻିଵݐ
ൌ ௥ିݐ ଵ……… ଶିݐ ଵݐଵି ଵ ൌ  ଵݐଶݐ…௥ݐ

 .transpositions ݎ ଵ is also a product ofି݌

This proves (iv) and (v). 

Now, ݁ ൌ ሺ12ሻሺ12ሻ and hence ݁ is an even permutation which proves (vi). 

Theorem 3.14. Let ܣ௡ be the set of all even permutations in ܵ௡. Then ܣ௡ is a group 

containing 
௡!
ଶ  permutations. 

Proof. From (i), (vi) and (iv) of theorem 3.13 we see that ܣ௡ is a group. 
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Now let ܤ௡ be the set of all odd permutations in ܵ௡. 

Define ݂: ௡ܣ → ሻ݌௡ by ݂ሺܤ ൌ ሺ12ሻ݌ 

݂ is 1 െ 1, for ݂ሺ݌ଵሻ ൌ ݂ሺ݌ଶሻ ⇒ ଵ݌ (12)  ൌ ሺ12ሻ݌ଶ ⇒ ଵ݌ ൌ   .ଶ݌

݂ is onto, for, if ߙ ∈ ߙ ௡ then (12)ܤ ∈ ሿߙ௡ and ݂ሾሺ12ሻܣ ൌ ሺ12ሻሺ12ሻߙ ൌ  .ߙ

Thus ݂ is a bijection and hence the number of odd permutations in ܵ௡ ൌ the number of 

even permutations in ܵ௡. Since ܵ௡ contains ݊! permutations, ܣ௡ has 
௡!
ଶ  elements. 

 

Definition. The group ܣ௡ of all even permutations in ܵ௡ is called the alternating group on 

݊ symbols 

Exercises 

1. Let ܩ be a group of permutations. Show that either all the permutations in ܩ are even 

or exactly half of them are even. 

2. Let ݌ be a permutation of a set ܣ. Let ܽ ∈ ሺܽሻ݌ moves ܽ if ݌ we say that ܣ ് ܽ. How 

many elements are moved by a cycle of length  ? 

3. Show that the set of all permutations in ܵ௡ fixing the symbol 1 is a group. 

4. Write down all the permutations of the set ሼ1,2,3,4ሽ and determine which of them are 

even. 

5. Determine which of the following statements are true and which of them are false. 

(a) Every cycle is a permutation. 

(b) Every permutation is a cycle. 

(c) Product of two cycles is a cycle. 

(d) Any transposition is an odd permutation. 

(e) When ݊ ൒ 3, ܵ௡ is nonabelian. 

(f) Any permutation can be expressed as a product of cycles. 

(g) The set of all odd permutations in ܵ௡ is a group. 

(h) Any finite group is abelian. 

Answers. 

 elements ݎ .1
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2. (a) True  (b) False  (c) False (d) True 

  (e) True  (f) True. (g) False s (h) False.  

3.5. Subgroups 

Definition. Let G be a set with a binary operation * defined on it. Let ܵ ⊆  If for each .ܩ

ܽ, ܾ ∈ ,ܩ a ∗ b (computed in G) is in S, we say that S is closed with respect to the binary 

operation " ∗". 

Examples 

1. ( Z, ൅ ) is a group. The set E  of all even integers is closed under + and further ( ࡱ,൅ ) is 

itself a group. 

2. The set of G of all non-singular 2 ൈ 2 matrices form a group under matrix 

multiplication. Let H be the set of all matrices of the form ቀcos	 θ െsin	 θ
sin	 θ cos	 θ ቁ. H is subset of 

G. Also H itself is a group under matrix multiplication. 

 

Definition. A subset H of group G is called a subgroup of H if H forms a group with 

respect to the binary operation in G. 

Examples. 

1. Let ܩ be any group. Then ሼ݁ሽ and ܩ are subgroups of ܩ. They are called improper 

subgroups of ܩ. 

,is a subgroup of ( C ( ൅,܀ ) ad ( ൅,܀ ) is a subgroup of ( ൅,ۿ ) .2 ൅ ). 

3. In ሺ଼܈,⊕ሻ, let ܪଵ ൌ ሼ0,4ሽ and ܪଶ ൌ ሼ0,2,4,6ሽ. The Cayley tabels for ܪଵ and ܪଶ are 

given by 

 

⊕ 0 4 

0 0 4 

4 4 0 
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⊕ 0 2 4 6 

0 0 2 4 6 

2 2 4 6 0 

4 4 6 0 2 

6 6 0 2 4 

 

It is easily seen that H1 and H2  are closed under ⊕ and ( H1,⊕ ) and ( H2,⊕ ) are groups. 

Hence H1 and H2 are subgroups of ଼ࢆ. 

4. ሼ1,െ1ሽ is a subgroup of ሺR∗,⋅ሻ. 
5. ሼ1,i, െ1,െiሽ is a subgroup of ሺC∗,⋅ሻ. 
6.  In the symmetric group ܵଷ, ଵܪ ൌ ሼ݁, ,ଵ݌  ;ଶሽ݌
ଶܪ ൌ ሼ݁, ;ଷሽ݌ ଷܪ ൌ ሼ݁,  ସሽ; and݌

ସܪ ൌ ሼ݁,  .ହሽ are subgroups݌

 .௡ is a subgroup of ܵ௡ (by theorem 3.14)ܣ  .7

9. The set of permutations ሼ݁, ,ଵ݌ ,ଶ݌  ଷሽ where݌

݁ൌ ቀ1 2 3 4
1 2 3 4

ቁ ; 1݌ ൌ ቀ1 2 3 4
2 1 4 3

ቁ ;
2ൌ݌ ቀ1 2 3 4

3 4 1 2
ቁ 3݌ ൌ ቀ1 2 3 4

4 3 2 1
ቁ

 

is a subgroup of S4. 

Note. In all the above the examples we see that the identity element in the subgroup is the 

same as the identity element of the group. 

Theorem 3.15. Let H be a subgroup of G.  Then 

(a)  the identity element of H is the same as that of G. 

(b) for each a ϵ H the inverse of a in H is the same as the inverse of a in G. 

Proof. (a)   Let e and e’ be the identities of G and H respectively. 

Let aϵ H. Now, 
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݁ᇱܽൌ ܽሺ since ݁ᇱ is the identity of ܪሻ
ൌ ݁ܽሺ since ݁ is the identity of 
ܽ and ܩ ∈ ሻܩ

 

∴ 	 ݁ᇱܽൌ ݁ܽ.
∴ 	 ݁ᇱൌ ݁ሺ by cancellation law ሻ. 

(b) Let a′ and a″ be the inverse of a in G and H respectively. Since by (a), G and H have 

the same identity element e, we have a′a=e=a″a.  Hence by cancellation law a′=a″. 

Theorem 3.16. A subset ܪ of a group ܩ is a subgroup of ܩ iff 

(i) it is closed under the binaty operation in ܩ. 

(ii) The identity ݁ of ܩ is in ܪ. 

(iii) ܽ ∈ ܪ ⇒ ܽିଵ ∈  .ܪ

Proof. Let ܪ be a subgroup of ܩ. The result follows immediately from theorem 3.15. 

Conversely let ܪ be a subset of ܩ satisfying conditions (i), (ii) and (iii). Then, obviously ܪ 

itself is a group with respect to the binary operation in ܩ.  

Therefore ܪ is a subgroup of ܩ. 

Theorem 3.17. 

 A non-empty subset ܪ of a group ܩ is a subgroup of ܩ iff ܽ, ܾ ∈ ܪ ⇒ ܾܽିଵ ∈  .ܪ

Proof. Let ܪ be a subgroup of ܩ. Then ܽ, ܾ ∈ ܪ ⇒ ܽ, ܾିଵ ∈ ܪ ⇒ ܾܽିଵ ∈  .ܪ

Conversely let H be a non-empty subset of G such that a, b ∈ H ⇒ abିଵ ∈ H. 

Since H ് Φ, there exists an element a ∈ H. 

Hence aaିଵ ∈ H. Thus e ∈ H 

Also since e, a ∈ H, eaିଵ ∈ H. Hence aିଵ ∈ H. 

Now, let a, b ∈ H. Then a, bିଵ ∈ H 

Hence aሺbିଵሻିଵ ൌ ab ∈ H. Thus H is closed under the binary operation in G. 
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Hence by theorem 3.16 H is a subgroup of G. 

Note. If the operation is +  then H is a subgroup of G iff a, b ∈ H ⇒ a െ b ∈ H. 

Theorem 3.18. Let ܪ be a non-empty finite subset of ܩ. If ܪ is closed under the operation 

in ܩ then ܪ is a subgroup of ܩ. 

Proof. Let ܽ ∈  .ܪ

Since ܪ is closed ܽ, ܽଶ, ܽଷ, …… , ܽ௡ … are all elements of ܪ. But since ܪ is finite the 

elements ܽ, ܽଶ, ܽଷ, …… cannot all be distinct. 

Hence let ܽ௥ ൌ ܽ௦ , ݎ ൏ Then ܽ௦ି௥ .ݏ ൌ ݁ ∈  .ܪ

Now, let ܽ ∈ We have proved that ܽ௡ .ܪ ൌ ݁ for some ݊.  

Hence ܽܽ௡ିଵ ൌ ݁. Hence ܽିଵ ൌ ܽ௡ିଵ ∈  .ܩ is a subgroup of ܪ Thus ..ܪ

 

Note. The above theorem is not true if ܪ is infinite. For example, ۼ is an infinite subset of 

ሺ܈,൅ሻ and ۼ is closed under addition. However N is not a subgroup of ( ܼ,൅ ). 

Theorem 3.19. If ܪ and ܭ are subgroups of a group ܩ then is ܪ ∩  is also a subgroup of ܭ

  .ܩ

 

Proof. Clearly e ϵ H∩K and hence H∩K is non-empty. Now let ܽ, ܾ ∈ ܪ ∩  Then .ܭ

ܽ, ܾ ∈ ,ܽ and ܪ ܾ ∈ ଵିܾܽ ,ܩ are subgroups of ܭ and ܪ Since .ܭ ∈ and ܾܽିଵ ܪ ∈  .ܭ

∴ 	ܾܽିଵ ∈ ܪ ∩ ܪ ,Hence by theorem 3.17 .ܭ ∩  .ܩ is a subgroup of ܭ

Note. 

1. It can be similarly proved that the intersection of any number of subgroups of ܩ is 

again a subgroup of ܩ. 

2. The union of two subgroups of a group need not be a subgroup.  

  For example, 2܈ and 3܈ are subgroups of ( Z, ൅ ) but 2Z ∪ 3Z is not a subgroup of ܈ since 

3,2 ∈ ܈2 ∪ but 3 ܈3 ൅ 2 ൌ 5 ∉ 2ܼ ∪ 3ܼ. 

Theorem 3.20. The union of two subgroups of a group ܩ is a subgroup iff one is contained 

in the other. 
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Proof. Let ܪ and ܭ be two subgroups of ܩ such that one is contained in the other. Hence 

either ܪ ⊆ ܭ or ܭ ⊆  .ܪ

∴ ܪ	 ∪ ܭ ൌ ܪ or ܭ ∪ ܭ ൌ ܪ Hence .ܪ ∪  .ܩ is a subgroup of ܭ

Conversely, suppose ܪ ∪ ܪ We claim that .ܩ is a subgroup of ܭ ⊆ ܭ or ܭ ⊆  .ܪ

Suppose that ܪ is not contained in ܭ and ܭ is not contained in ܪ. Then there exist 

elements ܽ, ܾ such that 

ܽ ∈ ܪ  and ܽ ∉ ሺ1ሻ……………ܭ
ܾ ∈ ܭ  and ܾ ∉ ሺ2ሻ……………ܪ  

Clearly ܽ, ܾ ∈ ܪ ∪ ܪ Since .ܭ ∪ ,ܩ is a subgroup of ܭ ܾܽ ∈ ܪ ∪ ܾܽ Hence .ܭ ∈  or ܪ

ܾܽ ∈  .ܭ

Case (i) Let ܾܽ ∈ ܽ since .ܪ ∈ ,ܪ ܽିଵ ∈  .ܪ

Hence ܽିଵሺܾܽሻ ൌ ܾ ∈  .which is a  contradiction to (2) ܪ

Case (ii) Let ܾܽ ∈ ܾ Since .ܭ ∈ ,ܭ ܾିଵ ∈  .ܭ

Hence ሺܾܽሻܾିଵ ൌ ܽ ∈   .which is a  contradiction to (1) ܭ

Hence our assumption that ܪ is not contained in ܭ and ܭ is not contained in ܪ is false. 

∴ ܪ	 ⊆ ܭ or ܭ ⊆  .ܪ

 

Definition. Let ܣ and ܤ be two subsets of a group ܩ. We define ܤܣ ൌ ሼܾܽ/ܽ ∈ ,ܣ ܾ ∈  .ሽܤ
Note. If ܣ and ܤ are two subgroups of ܩ,  .ܩ need not be a subgroup of ܤܣ

Example. 

In ܵଷ, consider ܣ ൌ ሼ݁, ܤ ଷሽ and݌ ൌ ሼ݁,  .are subgroups of ܵଷ ܤ and ܣ ସሽ. Clearly݌

 Also ܤܣ ൌ ሼ݁݁, ,ସ݌݁ ,ଷ݌݁ ସሽ݌ଷ݌ ൌ ሼ݁, ,ସ݌ ,ଷ݌  ଶሽ݌
Now, ݌ସ݌ଶ ൌ ହ݌ ∉  .ܤܣ

Hence ܤܣ is not a subgroup of ܵଷ. 

Theorem 3.21. Let ܣ and ܤ be two subgroups of a group ܩ. Then ܤܣ is a subgroup of ܩ 

iff ܤܣ ൌ  .ܣܤ

Proof. Let ܤܣ be a subgroup of ܩ. 

We claim that ܤܣ ൌ  .ܣܤ

Let ݔ ∈ ଵିݔ ,ܩ is a subgroup of ܤܣ Since .ܤܣ ∈  .ܤܣ

Let ିݔଵ ൌ ܾܽ where ܽ ∈ ܾ and ܣ ∈  .ܤ

∴ ݔ	 ൌ ሺܾܽሻିଵ ൌ ܾିଵܽିଵ 
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Since ܣ and ܤ are subgroups of ܩ, ܽିଵ ∈ and ܾିଵ ܣ ∈  .ܤ

∴ ݔ	 ∈ ܤܣ Hence .ܣܤ ⊆ …………ܣܤ ሺ1ሻ  

Now, let ݔ ∈ ݔ Then .ܣܤ ൌ ܾܽ where ܾ ∈ ܽ and ܤ ∈  .ܣ

∴ 	 ଵିݔ ൌ ሺܾܽሻିଵ ൌ ܽିଵܾିଵ ∈  ܤܣ

Now, since ܤܣ is a subgroup and ିݔଵ ∈ ݔ we have ,ܤܣ ∈  ,ܤܣ

∴ ܣܤ	 ⊆ ……………ܤܣ . . ሺ2ሻ  

From (1) and (2) we get ܤܣ ൌ  .ܣܤ

Conversely, let ܤܣ ൌ ݁ Clearly .ܩ is a subgroup of ܤܣ We claim that .ܣܤ ∈  and hence ܤܣ

,ݔ is non-empty. Now let ܤܣ ݕ ∈ ݔ Then .ܤܣ ൌ ܽ1ܾ1 and ݕ ൌ ܽ2ܾ2 where ܽ1, ܽ2 ∈  and ܣ

ܾ1, ܾଶ ∈  .ܤ

∴ 1ିݕݔ	 ൌ ሺܽ1ܾ1ሻሺܽ2ܾ2ሻି1 ൌ ܽ1ܾ1ܾ2ି
1ܽ2ି

1. 

Now, ܾ2ି
1ܽ2ି

1 ∈ ܣܤ Since .ܣܤ ൌ 2ିܾ ,ܤܣ
1ܽ2ି

1 ∈  ܤܣ

∴ 	 ܾ2ି
1ܽ2ି

1 ൌ ܽ3ܾ3 where ܽ3 ∈ and ܾ3 ܣ ∈ ∴ .ܤ 1ିݕݔ	 ൌ ܽ1ܾ1ܽ3ܾ3. 

Now ܾ1ܽ3 ∈ ܣܤ Since .ܣܤ ൌ ,ܤܣ ܾ1ܽ3 ∈  .ܤܣ

∴ 	ܾ1ܽ3 ൌ ܽ4ܾ4 where ܽ4 ∈ and ܾ4 ܣ ∈  .ܤ

∴ 1ିݕݔ	 ൌ ܽ1ሺܽ4ܾ4ሻܾ3 ൌ ሺܽ1ܽ4ሻሺܾ4ܾ3ሻ ∈  .ܤܣ

∴  .ܩ is a subgroup of ܤܣ	

Corollary. If ܣ and ܤ are subgroups of an abelian group ܩ, then ܤܣ is a subgroup of ܩ. 

Proof. Let ݔ ∈ ݔ Then .ܤܣ ൌ ܾܽ where ܽ ∈ ܾ and ܣ ∈ ܾܽ ,is abelian ܩ Since .ܤ ൌ ܾܽ. 

∴ ݔ	 ∈ ܤܣ Hence .ܣܤ ⊆  .ܣܤ

Similarly ܣܤ ⊆  .ܤܣ

∴ ܤܣ	 ൌ  .ܣܤ

Hence ܤܣ is a subgroup of ܩ. 

Solved problems 

Problem 1. Let ܽ ∈ ܪ Let .∗܀ ൌ ሼܽ௡/݊ ∈  .∗܀ is a subgroup of ܪ ሽ. Then܈



 
 
 

Manonmaniam	Sundaranar	Universiy,	Directorate	&	Continuing	Education, Tirunelveli		 	33	
 

Solution. Clearly ܪ is non-empty. 

Now, let ݔ, ݕ ∈  .ܪ

Then ݔ ൌ ܽ௦ and ݕ ൌ ܽ௧ where ݏ, ݐ ∈  .܈

∴ ଵିݕݔ	 ൌ ܽ௦ሺܽ௧ሻିଵ ൌ ܽ௦ି௧ ∈  .ܪ
Hence ܪ is a subgroup of ܀∗. 
Problem 2. Let ܪ denote the set of all permutations in ܵ௡ fixing the symbol 1 . Then ܪ is 

a subgroup of ܵ௡. 

Solution. Clearly ݁ ∈ ,ߙ is non-empty. Let ܪ and hence ܪ ߚ ∈  fix the ߚ and ߙ Then .ܪ

symbol 1. Now ߚ fixes the symbol 1 ⇒  ଵ fixes theିߚߙ ଵ fixes the symbol 1 . Henceିߚ

symbol 1 . Hence ିߚߙଵ ∈  .ܪ

Thus ܪ is a subgroup of ܵ௡. 

Problem 3. Let ܩ be the set of all 2 ൈ 2 matrices with entries from ܀. Then ܩ is a group 

under matrix addition. 

Let ܪ ൌ ቄ�ቀܽ 0
0 ܾቁቚ ܽ, ܾ ∈  .ܩ is a subgroup of ܪ ቅ. Then܀

Solution. Let ܣ, ܤ ∈  .ܪ

Then ܣ ൌ ቀܽ 0
0 ܾቁ and ܤ ൌ ቀܿ 0

0 ݀ቁ 

Now, ܣ െ ܤ ൌ ቀܽ 0
0 ܾቁ െ ቀ

ܿ 0
0 ݀ቁ ൌ ቀ

ܽ െ ܿ 0
0 ܾ െ ݀ቁ ∈  .ܪ

Hence ܪ is a subgroup of ܩ. 

Problem 4. Let ܩ be a group. 

Let ܪ ൌ ሼܽ/ܽ ∈ ݔܽ and ܩ ൌ ݔ for all ܽݔ ∈   .ሽܩ
(i.e) ܪ is the set of all elements which commute with every other element. Show that ܪ is 

a subgroup of ܩ. 

Solution. Clearly ݁ݔ ൌ ݁ݔ ൌ ݔ for all ݔ ∈  .ܩ

Hence ݁ ∈  .is non empty ܪ so that ,ܪ

Now, let ܽ, ܾ ∈  .ܪ

Then ܽݔ ൌ ݔܾ and ܽݔ ൌ ݔ for all ܾݔ ∈  .ܩ

Now, bx=xb 

⟹ ܾିଵሺܾݔሻܾିଵ ൌ ሺܾݔሻܾିଵ 
(ܾିଵܾሻିܾݔଵ ൌ ܾିଵݔሺܾܾିଵሻ 
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ଵିܾݔ݁ ൌ ܾିଵ݁ݔ 

⟹	xܾିଵ ൌ ܾିଵݔ…………….ሺ1ሻ 
 

∴ 	 ሺܾܽିଵሻݔൌ ܽሺܾିଵݔሻ
ൌ ܽሺିܾݔଵሻ	ሺ by ሺ1ሻሻ
ൌ ሺܽݔሻܾିଵ
ൌ ሺܽݔሻܾିଵ	ሺ since ܽݔ ൌ ሻܽݔ
ൌ .ሺܾܽିଵሻݔ

 

Thus ܾܽିଵ commutes with every element of ܩ. 

∴ 	ܾܽିଵ ∈  .ܩ is a subgroup of ܪ and hence ܪ

Note. The above subgroup of ܩ is called the centre of ܩ and is denoted by ܼሺܩሻ. 
Problem 5. Let ܩ be a group and let ܽ be a fixed element of ܩ. 

Let ܪ௔ ൌ ሼݔ ∣ ݔ ∈ ݔܽ and ܩ ൌ  ሽܽݔ
(ie) ܪ௔ is the set of all elements in ܩ which commute with ܽ. 

Show thatܪ௔ is a subgroup of ܩ. 

Solution. Clearly ݁ܽ ൌ ܽ݁ ൌ ܽ. 

Hence ݁ ∈ ௔ܪ  so that ܪ௔ is non-empty. 

Now, let ݔ, ݕ ∈  .௔ܪ

Then ܽݔ ൌ ݕܽ and ܽݔ ൌ  .ܽݕ

Now, ܽݕ ൌ ܽݕ ⇒ ଵܽିݕ ൌ  ଵ. (as in the pervious problem)ିݕܽ

	

ܽሺିݕݔଵሻ ൌ ሺܽݔሻ
																																																							ൌ ሺܽݔሻିݕଵ	ሺ since ܽݔ ൌ ሻܽݔ

																								ൌ ଵሻିݕሺܽݔ
																																																			ൌ ሺ by ሺ1ሻሻ										ଵܽሻିݕሺݔ

																																		ൌ ሺିݕݔଵሻܽ.

 

Hence ିݕݔଵ commutes with ܽ. 

∴ ଵିݕݔ	 ∈  .ܩ ௔ is a subgroup ofܪ ௔ and henceܪ

Note. ܪ௔ is called the normaliser of ܽ in ܩ. 

Exercises 

1. Show that ሼa ൅ ܾ݅/ܽ, ܾ ∈  .ሽ is a subgroup of (C, +)܈

2. Determine which of the following are subgroups of ( ۱,൅ ) 

(a) R 

(b) ሼܽ ൅ ܾ√െ5/ܽ, ܾ ∈ Nሽ 
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(c) ሼݖ|/ݖ| ൌ ܽሽ 
(d) ሼݖ/ real part of ݖ is 0ሽ 
(e) ሼ1, ݅, െ1, െ݅ሽ. 
3. Let ܩଵ and ܩଶ be two groups. Let ݁ଵ and ݁ଶ be the identity elements of ܩଵ and ܩଶ 

respectively. Let ܩଵ ൈ ܪ ଶ be the direct product of these groups. Letܩ ൌ ሼሺ݁ଵ, ݕ/ሻݕ ∈  ଶሽܩ
and ܭ ൌ ሼሺݔ, ݁ଶሻ/ݔ ∈ ଵܩ are subgroups of ܭ and ܪ ଵሽ. Show thatܩ ൈ  .ଶܩ

3.6. Cyclic Groups 

Definition. Let ܩ be a group. Let ܽ ∈  .ܩ

Then ܪ ൌ ሼܽ௡/݊ ∈  is called the cyclic subgroup of ۵ generated ܪ .ܩ ሽ is a subgroup of܈

by ܽ and is denoted by ۧܽۦ. 

Examples 

1. In ሺܼ,൅ሻ, 2ۧۦ ൌ 2ܼ which is the group of even integers. 

2. In the group ܩ ൌ ሺ܈ଵଶ,⊕ሻ, 3ۧۦ ൌ ሼ0,3,6,9ሽ. 5ۧۦ ൌ ሼ0,5,10,3,8,1,6,11,4,9,2,7ሽ ൌ  .ଵଶ܈
3.  In the group ܩ ൌ ሼ1, ݅ െ 1,െ݅ሽۧ݅ۦ ൌ ሼ݅, ݅ଶ, ݅ଷ… ሽ ൌ ሼ݅,െ1,െ݅, 1ሽ ൌ  .ܩ

Definition. Let ܩ be a group and let ܽ ∈ .ܩ ܽ is called a generator of ܩ if ۧܽۦ ൌ  .ܩ

A group ܩ is cyclic if there exists an element ܽ ∈ ۧܽۦ such that ܩ ൌ  .ܩ

Note. If ܩ is a cyclic group generated by an element ܽ, then every element of ܩ is of the 

form ܽ௡ for some ݊ ∈  .܈

Examples 

 is a cyclic group. 1 is a generator of this group. -1 is also a generator of this ( ൅,܈ ) .1

group. Thus a cyclic group can have more than one generator. 

 .is a cyclic group, ݊ and െ݊ are generators of this group ( ൅,܈݊ ) .2

 .is a cyclic group. 1,3,5,7 are all generators of this group ( ⊕,଼܈ ) .3

݊ is a cyclic group for all ( ⊕,௡܈ ) .4 ∈ ;ۼ 1 is a generator of this group. In fact if 

݉ ∈ ,௡ and ሺ݉܈ ݊ሻ ൌ 1 then ݉ is a generator of this group. 

ܩ .5 ൌ ሼ1, ݅, െ1, െ݅ሽ is a cyclic group under usual multiplication; ݅ is a generator, െ݅ is 

also a generator of ܩ. However -1 is not a generator of ܩ since ۦെ1ۧ ൌ ሼ1,െ1ሽ ്  .ܩ
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ܩ .6 ൌ ሼ1, ߱, ߱ଶሽ where ߱ ് 1 is a cube root of unity is a cyclic group. ߱ and ߱ଶ are 

both generators of this group. 

7. In the group ܩ ൌ ሺ܈଻, െሼ0ሽ,⊙ሻ, 3 and 5 are both generators. Here 2 is not a generator 

of ܩ since ሺ2ሻ ൌ ሼ2,4,1ሽ ്  .ܩ

8. Let ܣ be a set containing more than one element. Then ( ℘ሺܣሻ,Δ ) is not cyclic; for let 

ܤ ∈ ℘ሺܣሻ be any element. Then ܤΔܤ ൌ Φ so that ۧܤۦ ൌ ሼܤ,Φሽ ് ℘ሺܣሻ. 
ݔ is not a cyclic group since for any ( ൅,܀ ) .9 ∈ ,܀ ۧݔۦ ൌ ሼ݊ݔ/݊ ∈ ሽ܈ ്  .܀

Exercises 

Determine which of the following groups are cyclic. If it is cyclic find all the generators of 

the group. 

  .( ൅,܈6 ) .1

2. ( Q,൅ ). 

3. The set of all ݊th  roots of unity under multiplication. 

4. The group of symmetries of an equilateral triangle. 

5. The group of symmetries of a rectangle. 

6. The group of symmetries of a square. 

7. {2௡/n ϵ Z} under usual multiplication. 

 ( ⊕,܈ ) .8

 ( ⋅,∗܀ )  .9
10. ሺܼଵଵ െ ሺ0ሻ,⊙ሻ 
ܩ .11 ൌ ሺ݁, ,ଵ݌ ,ଶ݌ ,ଷ݌   ସሻ where݌

݁ ൌ ቀ1 2 3 4 5
1 2 3 4 5ቁ

ଵ݌ ൌ ቀ1 2 3 4 5
2 3 4 5 1ቁ

ଶ݌ ൌ ቀ1 2 3 4 5
3 4 5 1 2ቁ

ଷ݌ ൌ ቀ1 2 3 4 5
4 5 1 2 3ቁ  and 

ସ݌ ൌ ቀ1 2 3 4 5
5 1 2 3 4ቁ

 

Answers. 1, 3,7,8,10	and 11 are cyclic. 



 
 
 

Manonmaniam	Sundaranar	Universiy,	Directorate	&	Continuing	Education, Tirunelveli		 	37	
 

 

Theórem 3.22. Any cyclic group is abelian. 

Proof. Let ܩ ൌ  .be a cyclic group ۧܽۦ

Let ݔ, ݕ ∈ ݔ Then .ܩ ൌ ܽ௥ and ݕ ൌ ܽ௦ for some ݎ, ݏ ∈  .܈

Hence ݕݔ ൌ ܽ௥ܽ௦ ൌ ܽ௥ା௦ ൌ ܽ௦ା௥ ൌ ܽ௦ܽ௥ ൌ  .ݔݕ

∴  .is abelian ܩ

Theorem 3.23. A subgroup of cyclic group is cyclic. 

Proof. Let ܩ be a cyclic group generated by ܽ and let ܪ be a subgroup of ܩ. We claim that 

 .is cyclic ܪ

Clearly every element of ܪ is of the form ܽ௡ for some integer ݊. 

Let ݉ be the smallest positive integer such that ܽ௠ ∈  We claim that ܽ௠ is a generator .ܪ

of ܪ. 

Let ܾ ∈ ܾ Then .ܪ ൌ ܽ௡ for some ݊ ∈  .܈

Let ݊ ൌ ݍ݉ ൅ where 0 ݎ ൑ ݎ ൏ ݉. 

Then ܾ ൌ ܽ௡ ൌ ܽ௠௤ା௥ ൌ ܽ௠௤ܽ௥ ൌ ሺܽ௠ሻ௤ܽ௥ . 

∴ 	ܽ௥ ൌ ሺܽ௠ሻି௤ܾ …………………………………… . ሺ1ሻ  

Now, ܽ௠ ∈ is a subgroup, ሺܽ௠ሻି௤ ܪ Since .ܪ ∈  .ܪ

Also ܾ ∈  .ܪ

By (1), ܽ௥ ∈ and 0 ܫܫ ൑ ݎ ൏ ݉. 

But ݉ is the least positive integer such that ܽ௡ ∈  .ܪ

∴ ݎ	 ൌ 0. Hence ܾ ൌ ܽ௡ ൌ ܽ௤௠ ൌ ሺܽ௠ሻ௤. 

∴ Every element of ܪ is a power of ܽ௠. 

∴ ܪ	 ൌ ሺܽ௠ሻ and hence ܪ is cyclic 

Exercises 

1. Prove that if ܽ is a generator of a cyclic group ܩ then ܽିଵ is also a generator of ܩ. 

2. Prove that any subgroup of ሺ܈,൅ሻ is of the form ݊܈ for some integer ݊. 
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3. Find the number of elements in the following cyclic subgroups. 

(a) 2ۧۦ in ሺ܈ଵ଼,⊕ሻ 
(b) (18) in ሺ܈ଷ଴,⊕ሻ 
(c) 5ۧۦ in ሺ଼܈଴,⊕ሻ 
(d) ۧ݅ۦ in ۱∗ 
4. Show that every proper subgroup of ସܸ is cyclic. (However ସܸ is not cyclic). 
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UNIT II 

3.7. Order of an Element 

1. Consider the group ܵଷ given in 3.4 

ଵൌ݌ ቀ1 2 3
2 3 1ቁ ;

ଵଶൌ݌ ቀ1 2 3
2 3 1ቁ ቀ

1 2 3
2 3 1ቁ

ൌ ቀ1 2 3
3 1 2ቁ ൌ .ଶ݌

ଵଷൌ݌ ቀ1 2 3
3 1 2ቁ ቀ

1 2 3
2 3 1ቁ

ൌ ቀ1 2 3
1 2 3ቁ ൌ ݁.

 

In this case 3 is the least positive integer such that ݌ଵଷ ൌ ݁. Also ݌ۦଵۧ ൌ ሼ݁, ,ଵ݌  ଶሽ is a݌

subgroup of ܵଷ of order 3. 

2. Consider ሺ܀∗,⋅ሻ. From the sequence of elements 2, 2ଶ, 2ଷ, … 2௡, ……. In this case there is 

no positive integer ݊ such that 2௡ ൌ 1 and (2) contains infinite numbers of elements. 

Definition. Let ܩ be a group and let ܽ ∈  The least positive integer ݊ (if it exists) such .ܩ

that ܽ௡ ൌ ݁ is called the order of ܽ. If there is no positive integer ݊ such that ܽ௡ ൌ ݁, then 

the order of ܽ is said to be infinite. 

Note.   

1. In example 1, ݌ଵ is of order 3 and 2 is of infinite order in example 2. 

2. In ሺ۱∗,⋅ሻ, ݅ is an element of order 4. 

Exercises 

1. Show that in any group ܩ, ݁ is the only element of order 1. 

2. Find the order of -1 and 3 in ( ܼ,൅ ). 

3. Find the order of -1 and 3 in ሺ܀∗,⋅ሻ. 
4. Find the order of -1 and െ݅ in ሺ۱∗,⋅ሻ. 
5. zFind the order of 2 and 3 in ( ଼܈,⊕ ). 

6. Show that in ସܸ the order of every element other than the identity is 2 . 

7. Show that in ሺ܈, ൅ሻ the order of every element other than 0 is infinite. 

8. Show that in ( ℘ሺܵሻ, Δ ) the order of every element other than Φ is 2 . 

9. Show that in ሺ۱∗,⋅ሻ for every positive integer ݊ there exists an element of order ݊. 
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Answers. 

2. Infinite 

3. Order of -1 is 2 and order of 3 is infinite 

4. Order of -1 is 2 and Order of –i is 4 

5. Order of 2 is 4 and Order of 3 is 8 

 

Theorem 3.24. Let ܩ be a group and ܽ ∈  Then the order of ܽ is the same as the order of .ܩ

the cyclic group generated by ܽ. 

Proof. Let ܽ be an element of order ݊. Then ܽ௡ ൌ ݁. We claim that ݁, ܽ, ܽଶ, … , ܽ௡ିଵ are all 

distinct. 

Suppose ܽ௥ ൌ ܽ௦ where 0 ൏ ݎ ൏ ݏ ൏ ݊. 

Then ܽ௦ି௥ ൌ ݁ and ݏ െ ݎ ൏ ݊ which contradicts the definition of the order of ܽ. Hence 

݁, ܽ, ܽଶ, … , ܽ௡ିଵ are ݊ distinct elements and ۧܽۦ ൌ ሼ݁, ܽ, ܽଶ, … , 2௡ିଵሽ which is of order ݊. 

If ܽ is of infinite order, the sequence of elements ܽ, ܽଶ, … , ܽ௡, … are all distinct and are in 

 .is an infinite group ۧܽۦ Hence .ۧܽۦ

 

Theorem 3.25. In a finite group every element is of finite order. 

Proof. Let ܽ ∈  which is a ,ܩ is an infinite subgroup of ۧܽۦ If ܽ is of infinite order, then .ܩ

contradiction since ܩ is finite. Hence the order of ܽ is finite. 

Remark. The converse of the above theorem is not true. (ie) if ܩ is a group in which every 

element is of finite order then the group ܩ need not be finite.  

Example. If ܵ is any infinite set, then ሺ℘ሺܵሻ, Δሻ is an infinite group. In this group ܣΔܣ ൌ
Φ for every ܣ ∈  . ሺܵሻ so that the order of every element other than Φ is 2ߩ

Theorem 3.26. Let ܩ be a group and ܽ be an element of order ݊ in ܩ. Then ܽ௠ ൌ ݁ iff ݊ 

divides ݉. 

Proof. Suppose ݊ ∣ ݉. Then ݉ ൌ ݍ where ݍ݊ ∈  .܈

∴ 	 ܽ௠ ൌ ܽ௡௤ ൌ ሺܽ௡ሻ௤ ൌ ݁௤ ൌ ݁. 
Conversely, let ܽ௠ ൌ ݁. 

Let ݉ ൌ ݍ݊ ൅ where 0 ݎ ൑ ݎ ൏ ݊. 

∴ 	ܽ௠ ൌ ܽ௡௤ା௥ ൌ ܽ௡௤ܽ௥ ൌ ݁ܽ௥ ൌ ܽ௥. 

∴ 	ܽ௥ ൌ ݁ and 0 ൑ ݎ ൏ ݊. 
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Now, since ݊ is the smallest positive integer such that ܽ௡ ൌ ݁, we have ݎ ൌ 0. Hence 

݉ ൌ  .ݍ݊

Therefore ݊ ∣ ݉. 

Theorem 3.27. Let ܩ be a group and ܽ, ܾ ∈  .ܩ

Then 

(i) order of ܽ ൌ order of ܽିଵ. 
(ii) order of ܽ ൌ order of ܾିଵܾܽ. 

(iii) order of ܾܽ ൌ order of ܾܽ. 

Proof. (i) Let ܽ be an element of order ݊. 

Then ܽ௡ ൌ ݁. 

∴ 	 ሺܽିଵሻ௡ ൌ ሺܽ௡ሻିଵ ൌ ݁ିଵ ൌ ݁. 

Now, if possible let 0 ൏ ݉ ൏ ݊ and ሺܽିଵሻ௠ ൌ ݁. 

∴ 	 ሺܽ௠ሻିଵ ൌ ݁. Hence ܽ௠ ൌ ݁ which contradicts the definition of the order of ܽ. Thus ݊ is 

the least positive integer such that ሺܽିଵሻ௡ ൌ ݁. 

∴ The order of ܽିଵ is ݊. 

(ii) We shall first prove that for any positive integer ݎ. 

ሺܾିଵܾܽሻ௥ ൌ ܾିଵܽ௥ܾ…………… . ሺ1ሻ  

(1) is trivialy true if ݎ ൌ 1, 

Now, suppose that (1) is true for ݎ ൌ ݇ so that ሺܾିଵܾܽሻ௞ ൌ ܾିଵܽ௞ܾ. 

Then 

ሺܾିଵܾܽሻ௞ାଵൌ ሺܾିଵܾܽሻ௞ሺܾିଵܾܽሻ.
ൌ ሺܾିଵܽ௞ܾሻሺܾିଵܾܽሻ.
ൌ ܾିଵܽ௞ାଵܾ.

 

Hence by induction (1) is true for all positive integers. 

Now, let ܽ be an element of order ݊. Then ܽ௡ ൌ ݁. 

∴ 	 ሺܾିଵܾܽሻ௡ ൌ ܾିଵܽ௡ܾ	ሺ by ሺ1ሻሻ
										ൌ ܾିଵܾ݁ ൌ ݁  

Now, if possible, let 0 ൏ ݉ ൏ ݊ and ሺܾିଵܾܽሻ௠ ൌ ݁. 

 

∴ ܾିଵܽ௠ܾ ൌ ݁. Hence ܽ௠ ൌ ݁ which contradicts the definition of the order of ܽ.  
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Thus ݊ is the least positive integer such that ሺܾିଵܾܽሻ௡ ൌ ݁. 

∴	 The order of ܾିଵܾܽ is ݊. 

(iii) 

ൌܾܽ		݂݋	ݎ݁݀ݎ݋  the order of ܽିଵሺܾܽሻܽ (by (ii)) 
ൌ  the order of ܾܽ.  

Theorem 3.28. Let ܩ be a group and let ܽ be an element of order ݊ in ܩ. Then the order of 

ܽ௦, where 0 ൏ ݏ ൏ ݊, is ݊/݀ where ݀ is the g.c.d of ݊ and ݏ. 
Proof. Let ሺ݊/݀ሻ ൌ ݇ and ሺݏ/݀ሻ ൌ ݈ so that ݇ and ݈ are relatively prime. 

Now, ሺܽ௦ሻ௞ ൌ ܽ௦௞ ൌ ܽ௟ௗ௞ ൌ ܽ௟௡ ൌ ሺܽ௡ሻ௟ ൌ ݁. 

Further if ݉ is any positive integer such that ሺܽ௦ሻ௠ ൌ ݁ then ܽ௦௠ ൌ ݁. 

Since order of ܽ is ݊, we have ݊ ∣  .݉ݏ

∴ 	݇݀ ∣ ݈݀݉. Hence ݇ ∣ ݈݉ 

But ݇ and ݈ are relatively prime. 

Hence ݇/݉ so that ݉ ൒ ݇. 

Thus ݇ is the least positive integer such that ሺܽ௦ሻ௞ ൌ ݁. 

∴	 order of ܽ௦ ൌ ݇ ൌ ݊/݀. 

Corollary 1. The order of any power of ܽ cannot exceed the order of ܽ. 

Corollary 2. Let ܩ be a finite cyclic group of order ݊ generated by an element ܽ. Then ܽ௦ 
generates a cyclic group of order ݊/݀ where ݀ is the g.c.d of ݊ and ݏ. 
Corollary 3. Let ܩ be a finite cyclic group of order ݊ generated by an element ܽ. ܽ௦ is a 

generator of ܩ iff ݏ and ݊ are relatively prime. Hence the number of generators of a cyclic 

group of order ݊ is ߶ሺ݊ሻ where ߶ሺ݊ሻ is the number of positive integers less than ݊ and 

relatively prime to ݊. 

Example. Consider the group ( ܈ଵଶ,⊕ ). 

߶ሺ12ሻ ൌ 4. Hence the group has exactly 4 generators and they are 1,5,7 and 11 . 

 

Solved Problems 

Problem 1. If ܩ is a finite group with even number of elements then ܩ contains at least 

one element of order 2. 

Solution. ܽ is an element of order 2 ⇔ ܽଶ ൌ ݁ ⇔ ܽିଵ ൌ ܽ. 
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Hence it is enough if we prove that there exists an element different from ݁ in ܩ whose 

inverse is itself. 

Let ܵ ൌ ሼܽ/ܽ ∈ ,ܩ ܽ ് ܽିଵሽ. 
Clearly ܽ ∈ ܵ ⇒ ܽିଵ ∈ ܵ and ܽ ് ܽିଵ. 
Hence ܵ contains an even number of elements. 

Also ݁ ∉ ܵ. 

Hence ܵ ∪ ሼ݁ሽ contains an odd number of elements. Since the order of the group is even, 

there exists at least one element ܽ ∉ ܵ ∪ ሼ݁ሽ. Clearly ܽ ൌ ܽିଵ. 
Problem 2. The order of a permutation ݌ is the l.c.m. of the lengths if its disjoint cycles. 

Solution. Let ݌ ൌ ܿଵܿଶ… , ܿ௥ where the ܿ௜ 's are mutually disjoint cycles of lengths ݈௜. 
Now, let ݌௠ ൌ ݁. 

Since product of disjoint cycles is commutative, ݁ ൌ ௠݌ ൌ ሺܿଵܿଶ…ܿ௥ሻ௠ ൌ cଵ௠ܿଶ௠…ܿ௥௠. 

Now, since the elements moved by one cycle are left fixed by all the other cycles, ܿଵ௠ ൌ
ܿଶ௠ ൌ ⋯ , ܿ௥௠ ൌ ݁. 

Now, ܿଵ௠ ൌ ܿ ⇒ ݈ଵ ∣ ݉ since the order of ܿଵ ൌ ݈ଵ. Similarly ݈ଶ, ݈ଷ, … , ݈௥ divide ݉. 

Thus ݉ is a common multiple of ݈ଵ, ݈ଶ, … , ݈௥. 
∴	 The order of ݌ is the least such ݉ which is obviously the l.c.m of ݈ଵ, ݈ଶ, … , ݈௥. 
Problem 3. If ܽ is a generator of the cyclic group ܩ and if there exist two unequal integers 

݉ and ݊ such that ܽ௠ ൌ ܽ௡, prove that ܩ is a finite group. 

Solution. Since ݉ and ݊ are unequal we may assume that ݉ ൐ ݊. 

Hence ݉ െ ݊ is a positive integer. 

Also ܽ௠ ൌ ܽ௡ ⇒ ܽ௠ି௡ ൌ ݁. 

∴	 Order of ܽ is finite. 

∴ ܩ	 ൌ  is a finite group (by theorem 3.24) ۧܽۦ

Exercises 

1. Show that a group ܩ of order ݊ is cyclic iff ܩ contains an element of order ݊. 

2. Find the number of generators of the cyclic groups of orders 8,24 and 60. 

3. Let ݌ and ݍ be prime numbers. Find the number of generators of ܼ௣௤. 

4. Find the number of generators of ܼ௣, where ݌ is prime. 
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5. Find two elements ܽ, ܾ in a group such that 

(a) order of ܾܽ ് (order of ܽ ) (order of ܾ ). 

(b) order of ܾܽ ൌ (order of ܽ ) (order of ܾ ). 

6. Find the order of the following permutations. 

(a) ቀ1 2 3 4
2 3 4 1ቁ 

(b) ቀ1 2 3 4 5 6 7
5 7 6 4 1 2 3ቁ 

(c) ሺ12345ሻሺ67ሻሺ1657ሻ 
(d) (12) (23) (345) (1456). 

Answers. 

2. 4	,8 and 16 

6. (a) 4 (b) 4 (c) 7 (d) 6 

3.8. Cosets and Lagrange's Theorem 

Definition. Let ܪ be a subgroup of a group ܩ. Let ܽ ∈ ܪܽ Then the set .ܩ ൌ ሼ݄ܽ/݄ ∈  ሽܪ
is called the left coset of ܪ defined by ܽ in ܩ. 

Similarly ܽܪ ൌ ሺ݄ܽ/݄ ∈  .ܽ defined by ܪ ሻ is called the right coset ofܪ

Examples. 

1. Let us determine the left cosets of ( ૞܈,൅ ) in ሺ܈,൅ሻ. Here the operation is + . 

0 ൅ 5Z ൌ 5Z is itself a left coset. 

Another left coset is 1 ൅ 5ܼ ൌ ሼ1 ൅ 5݊/݊ ∈ Zሽ. We notice that this left coset contains all 

integers having remainder 1 when divided by 5 . 

Similarly 

2 ൅ ൌ܈5 ሼ2 ൅ 5݊/݊ ∈ ሽ܈
3 ൅ ൌ܈5 ሼ3 ൅ 5݊/݊ ∈ .ሽ܈

 and 4 ൅ ൌ܈5 ሼ4 ൅ 5݊/݊ ∈ .ሽ܈
 

These are all the left cosets of ( 5Z, ൅ ). Here also we note that all the left cosets are 

mutually disjoint, and their union is ܈. In other words the collection of all left cosets forms 

a partition of the group. 
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2. Consider ሺ܈ଵଶ,⊕ሻ. Then ܪ ൌ ሼ0,4,8ሽ is a subgroup of ܩ. 

The left cosets of ܪ are given by 

0 ൅ ൌܪ ሼ0,4,8ሽ ൌ ܪ
1 ൅ ൌܪ ሼ1,5,9ሽ
2 ൅ ൌܪ ሼ2,6,10ሽ

 and 	3 ൅ ൌܪ ሼ3,7,11ሽ
 

We notice that 

4 ൅ ܪ ൌ ሼ4,8,0ሽ ൌ  and .ܪ
5 ൅ ܪ ൌ ሼ5,9,1ሽ ൌ 1 ൅  .etc ܪ

 

Exercises. 

1. Find all the left cosets of ( ݊܈,൅ ) in ( ܈,൅ ). 

2. Find all the left cosets of ሼ0,3,6,9ሽ in ሺ܈ଵଶ,⊕ሻ. 
3. Find all the left cosets of ሼ1,6ሽ in ( ܈଻ െ ሼ0ሽ,⊙ ). 

 

Theorem 3.29. Let ܩ be a group and ݈ be a subgroup of ܩ. Then 

(i) ܽ ∈ ܪ ⇒ ܪܽ ൌ  ܪ

(ii) ܽܪ ൌ ܪܾ ⇒ ܽିଵܾ ∈  .ܪ

(iii) ܽ ∈ ܪܾ ⇒ ܽିଵ ∈  .ଵିܾܪ
(iv) ܽ ∈ ܪܾ ⇒ ܪܽ ൌ  .ܪܾ

Proof. 

(i) Let ܽ ∈ ܪܽ We claim that .ܪ ൌ  .ܪ

Let ݔ ∈ ݔ Then .ܪܽ ൌ ݄ܽ for some ݄ ∈  .ܪ

Now, ܽ ∈ ݄ and ܪ ∈ ܪ ⇒ ݄ܽ ൌ ݔ ∈  .(is a subgroup ܪ since) ܪ

Hence ܽܪ ⊆  .ܪ

Let ݔ ∈ ݔ Then .ܪ ൌ ܽሺܽିଵݔሻ ∈  .ܪܽ

Hence ܪ ⊆ ܪ Thus .ܪܽ ൌ  .ܪܽ

Conversely, let ܽܪ ൌ ܽ Now .ܪ ൌ ܽ݁ ∈  .ܪܽ

∴ 	ܽ ∈  .ܪ

(ii) Let ܽܪ ൌ  .ܪܾ

∴ 	ܽିଵሺܽܪሻ ൌ ܽିଵሺܾܪሻ. 
∴ ܪ	 ൌ ሺܽିଵܾሻܪ. 

∴ 	ܽିଵܾ ∈  .(  by) ܪ
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Conversely let ܽିଵܾ ∈  .ܪ

Then ܽିଵܾܪ ൌ  .(  by) ܪ

∴ 	ܽܽିଵܾܪ ൌ ܪܾ and hence ܪܽ ൌ  .ܪܽ

(iii) Let ܽ ∈ ܽ Then .ܪܾ ൌ ܾ݄ for some ݄ ∈  .ܪ

∴ 	ܽିଵ ൌ ሺܾ݄ሻିଵ ൌ ݄ିଵܾିଵ ∈  .ଵିܾܪ
Converse can be similarly proved. 

(iv) Let ܽ ∈ ܪܽ We claim that .ܪܾ ൌ  .ܪܾ

Let ݔ ∈ ݔ Then .ܪܽ ൌ ݄ܽଵ for some ݄ଵ ∈  .ܪ

Also ܽ ∈ ܪܾ ⇒ ܽ ൌ ܾ݄ଶ for some ݄ଶ ∈  ܪ

�∴ ݔ	 ൌ ሺܾ݄ଶሻ݄ଵሻ ൌ ܾሺ݄ଶ݄ଵሻ ∈  .ܪܾ

∴ ܪܽ	 ⊆  .ܪܾ

Now, let ݔ ∈ ݔ Then .ܪܾ ൌ ܾ݄ଷ for some ݄ଷ ∈  .ܪ

Also from (1), ܾ ൌ ݄ܽଶି ଵ. 
∴ ݔ	 ൌ ݄ܽଶି ଵ݄ଷ ∈  .ܪܽ

∴ ܪܾ	 ⊆ ܪܽ Hence .ܪܽ ൌ  .ܪܾ

Conversely, let ܽܪ ൌ  .ܪܾ

Then ܽ ൌ ܽ݁ ∈  .ܪܽ

∴ 	ܽ ∈  .ܪܾ

Theorem 3.30. Let ܪ be a subgroup of ܩ. Then 

(i) any two left cosets of ܪ are either identical or disjoint. 

(ii) union of all the left cosets of ܪ is ܩ. 

(iii) the number of elements in any left coset ܽܪ is the same as the number of elements in 

 .ܪ

Proof. 

(i) Let ܽܪ and ܾܪ be two left cosets. 

Suppose ܽܪ and ܾܪ are not disjoint. 

We claim that ܽܪ ൌ  .ܪܾ

Since ܽܪ and ܾܪ are not disjoint, ܽܪ ∩ ܪܾ ് Φ. 

∴	 There exists an element ܿ ∈ ܪܽ ∩  .ܪܾ

∴ 	ܿ ∈ ܿ and ܪܽ ∈  .ܪܾ

∴ ܪܽ	 ൌ ܪܾ and ܪܿ ൌ  .(by (iv) of Theorem 3.29) ܪܿ
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∴ ܪܽ	 ൌ  .ܪܾ

(ii) Let ܽ ∈ ܽ Then .ܩ ൌ ܽ݁ ∈  .ܪܽ

∴ Every element of ܩ belongs to a left coset of ܪ. 

∴	 The union of all the left cosets of ܪ is ܩ. 

(iii) The map ݂: ܪ → defined by ݂ሺ݄ሻ ܪܽ ൌ ݄ܽ is clearly a bijection. Hence every left 

coset has the same number of elements as ܪ. 

Note 1. This theorem shows that the collection of all left cosets forms a partition of the 

group. 

Note 2. The above result is true if we replace left cosets by right cosets. In what follows, 

the results we prove for left cosets are also true for right cosets. 

Remark. Let ܪ be a subgroup of ܩ. We define a relation in ܩ as follows. Define ܽ ∼ ܾ ⇔
ܽିଵܾ ∈  .ܪ

Then ∼ is an equivalence relation. 

For, ܽିଵܽ ൌ ݁ ∈ ܽ Hence .ܪ ∼ ܽ. 

Hence ∼ is reflexive. 

ܽ ∼ ܾ⇒ ܽିଵܾ ∈ ܪ ⇒ ሺܽିଵܾሻିଵ ∈ .ܪ
⇒ ܾିଵܽ ∈ ܪ ⇒ ܾ ∼ ܽ.

∴ 	ܽ ∼ ܾ⇒ ܾ ∼ ܽ.
 

Hence ∼ is symmetric. 

Now,ܽ ∼ ܾ and ܾ ∼ ܿ ⇒ ܽିଵܾ ∈ and ܾିଵܿ ܪ ∈  ܪ

⇒ ሺܽିଵܾሻሺܾିଵܿሻ ∈ ܪ
⇒ ܽିଵܿ ∈ ܪ
⇒ ܽ ∼ ܿ

 

Hence ∼ is transitive. 

Thus ∼ is an equivalence relation. 

Now, we claim that equivalence class ሾܽሿ ൌ  .ܪܽ

Let ܾ ∈ ሾܽሿ. Then ܾ ∼ ܽ. 

∴ 	ܽିଵܾ ∈  .ܪ

∴ 	ܽିଵܾ ൌ ݄ for some ݄ ∈  .ܪ

∴ ܾ ൌ ݄ܽ. Hence ܾ ∈  .ܪܽ

∴ 	 ሾܽሿ ⊆  .ܪܽ

Also, 
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ܾ ∈ ⇒ܪܽ ܾ ൌ ݄ܽ for some ݄ ∈ .ܪ
⇒ ܽିଵܾ ൌ ݄ ∈ .ܪ
⇒ ܽ ∼ ܾ
⇒ ܾ ∈ ሾܽሿ.

 

Thus the left cosets of ܪ in ܩ are precisely the equivalence classes determined by ∼. 

Hence the left cosets form a partition of ܩ. This gives another proof of Theorem 3.30. 

Theorem 3.31. Let ܪ be a subgroup of ܩ. The number of left cosets of ܪ is the same as 

the number of right cosets of ܪ. 

Proof. Let ܮ and ܴ respectively denote the set of left and right cosets of ܪ. We define a 

map ݂: ܮ → ܴ by ݂ሺܽܪሻ ൌ  .ଵିܽܪ
To prove f is well defined.  

Now  ܽܪ ൌ ⇒.ܪܾ ܽିଵܾ ∈  ܪ

⇒ ܽିଵ ∈ ଵିܾܪ
⇒ ଵିܽܪ ൌ  ଵିܾܪ

Therefore f is well defined.  

To prove f is 1 െ 1.  

Now  

݂ሺܽܪሻൌ ݂ሺܾܪሻ
⇒ ଵିܽܪ ൌ ଵିܾܪ
⇒ ܽିଵ ∈ ଵିܾܪ
⇒ ܽିଵ ൌ ݄ܾିଵ for some ݄ ∈ .ܪ
⇒ ܽ ൌ ܾ݄ିଵ
⇒ ܽ ∈ ܪܾ
⇒ ܪܽ ൌ .ܪܾ

 

Therefore   f is 1-1 

To prove f is onto.  

Every right coset Ha has a pre-image under ݂ namely ܽିଵܪ. 

Hence ݂ is a bijection from ܮ to ܴ. Hence the number of left cosets is the same as the 

number of right cosets. 

Definition. Let ܪ be a subgroup of ܩ. The number of distinct left (right) cosets of ܪ in ܩ 

is called the index of ܪ in ܩ and is denoted by ሾܪ:ܩሿ. 
Example. In ሺ଼܈,⊕ሻ, ܪ ൌ ሼ0,4ሽ is a subgroup. The left cosets of ܪ are given by 
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0 ൅ ܪ ൌ ሼ0,4ሽ ൌ ܪ
1 ൅ ܪ ൌ ሼ1,5ሽ
2 ൅ ܪ ൌ ሼ2,6ሽ
3 ൅ ܪ ൌ ሼ3,7ሽ

 

These are the four distinct left cosets of ܪ. 

Hence the index of the subgroup ܪ is 4 . 

Note that ሾ଼܈: ሿܪ ൈ |ܪ| ൌ 4 ൈ 2 ൌ 8 ൌ  .|଼܈|
 

Exercises 

1. Find the index of ሺܼ݊,൅ሻ in ሺܼ, ൅ሻ. 
2. Find the index of ሺ8ܼ,൅ሻ in ሺ2ܼ,൅ሻ. 
3. Find the index of ሼ0,3,6,9ሽ in ሺܼଵଶ,⊕ሻ. 
4. Find the index of ሼ1,6ሽinሺܼ଻ െ ሼ0ሽ,⊙ሻ 
5.  Determine which of the following statements are true and which are false 

Let ܩ be a group and ܪ a subgroup of ܩ, Then 

(a) ܪ itself is a left coset of ܪ. 

(b) The identity element belongs to every left coset of ܪ. 

(c) Every element of ܪ belongs to at least one left coset of ܪ. 

(d) Every element of ܪ belongs to exactly one left coset of ܪ. 

(e) The number of left cosets of ܪ is the same as the number of right cosets of ܪ. 

(f) If ܾ ∈ ܽܪ then ܽܪ ൌ  .ܾܪ

(g) If ܿ ∈ ܽܪ ∩ ܽܪ then ܾܪ ൌ ܾܪ ൌ  .ܿܪ
(h) ܽ ∈ ܪܽ if and only if ܪ ൌ  .ܪ

 

Answers. 

5. (a) T  (b) F (c) T (d) T 

(e) T (f) T (g) T (h) T 

 

Theorem 3.32. (Lagrange's theorem) Let ܩ be a finite group of order ݊ and ܪ be any 

subgroup of ܩ. Then the order of ܪ divides the order of ܩ. 

Proof. Let |ܪ| ൌ ݉ and ሾܪ:ܩሿ ൌ  .ݎ

Then the number of distinct left cosets of ܪ in ܩ is ݎ. 
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By theorem 3.30, these ݎ left cosets are mutually disjoint, they have the same number of 

elements namely ݉ and their union is ܩ. 

∴ 	݊ ൌ  .݊ Hence ݉ divides .݉ݎ

Corollary. ሾܪ:ܩሿ ൌ |ீ|
|ு| 

Note 1. Lagrange's theorem has many important applications in group theory.  

Example. A group G of order 8 cannot have subgroups of order 3,5,6 or 7 . In fact any 

proper subgroup of ܩ must be of order 2 or 4 . 

Note 2. Any group of prime order has no proper subgroups. 

Note 3. The converse of Lagrange's theorem is false. (i.e) If ܩ is a group of order ݊ and ݉ 

divides ݊, then ܩ need not have a subgroup of order ݉. 

Example.1  ܣସ is a group of order 12 and it does not have a subgroup of order 6 . 

However there are groups in which the converse of Lagrange's theorem is true. 

Example. Consider ܵଷ. This is a group of order 6. ሼ݁,  ସሽ is a subgroup of order 2 and݌

ሼ݁, ,ଵ݌  ଶሽ is a subgroup of order 3 . Hence for every divisor ݉ of 6 , there is a subgroup of݌

ܵଷ of order ݉. 

 

Exercises. 

1. Can a group of order 12 contain a subgroup of order 8? 

2. Show that the converse of Lagrange's theorem is true in ସܸ. 

3. Show that the converse of Lagrange's theorem is true in any finite cyclic group. 

Theorem 3.33. The order of any element of a finite group ܩ divides the order of ܩ. 

Proof. Let ܩ be a group of order ݊. Let ܽ ∈  be an element of order ݉. Then the order of ܩ

ܽ is the same as the order of the cyclic group ۧܽۦ. 
Now, by Lagrange's theorem the order of the subgroup ۧܽۦ divides the order of ܩ. Hence 

݉ ∣ ݊. 

Theorem 3.34. Every group of prime order is cyclic. 

Proof. Let ܩ be a group of order ݌ where ݌ is prime. Let ܽ ∈ ܽ and ܩ ് ݁. 

By Theorem 3.33 order of a divides ݌. 

∴	 Order of ܽ is 1 or ݌. 

Since ܽ ് ݁ order of ܽ is ݌. 

Hence ܩ ൌ  .is cyclic ܩ so that ۧܽۦ
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Theorem 3.35. Let ܩ be a group of order ݊. Let ܽ ∈ then ܽ௡ ܩ ൌ ܿ. 
Proof. Let the order of ܽ be ݉. Then ݉ divides ݊. 

Hence ݊ ൌ  .ݍ݉

∴ 	ܽ௡ ൌ ܽ௠௤ ൌ ሺܽ௠ሻ௤ ൌ ܿ௤ ൌ ܿ. 
Theorem 3.36 (Euler's theorem)  If ݊ is any integer and ሺܽ, ݊ሻ ൌ 1 then ܽథሺ௡ሻ ≡
1ሺmod݊ሻ. 
( ሺ݊ሻ is the number of positive integers less than ݊ relatively prime to ݊ ) 

Proof. Let ܩ ൌ ሼ݉/݉ ൏ ݊ and ሺ݉, ݊ሻ ൌ 1ሽ.  .݊ is a group under multiplication modulo ܩ

This group is of order ߶ሺ݊ሻ. 
Now, let ሺܽ, ݊ሻ ൌ 1. 

Let ܽ ൌ ݊ݍ ൅ ;ݎ 0 ൑ ݎ ൏ ݊ so that ܽ ≡  .ሺmod݊ሻݎ
Since ሺܽ, ݊ሻ ൌ 1 we have ሺ݊, ሻݎ ൌ 1 so that ݎ ∈  .ܩ

∴ 	 థሺ௡ሻݎ ൌ 1 (by Theorem 3.35). 

∴ 	 థሺ௡ሻݎ ≡ 1ሺmod݊ሻ. 
Also ܽథሺ௡ሻ ≡  థሺ௡ሻሺmod݊ሻ so thatݎ

ܽథሺ௡ሻ ≡ 1ሺmod݊ሻ (since ' ≡ ' is transitive). 

Theorem 3.37 (Fermat's theorem) Let ݌ be a prime number and ܽ be any integer 

relatively prime to ݌. Then ܽ௣ିଵ ≡ 1ሺmod݌ሻ. 
Proof. Since ݌ is prime, ߶ሺ݌ሻ ൌ ݌ െ 1 and hence the result follows from Euler's theorem. 

Theorem 3.38. A group ܩ has no proper subgroups if it is a cyclic group of prime order. 

Proof. Suppose ܩ is a group of prime order. Then it follows from Lagrange's theorem that 

 .has no proper subgroups ܩ

Conversely, let ܩ be a group having no proper subgroup. First we shall prove that ܩ is 

cyclic. 

Suppose ܩ is not cyclic. Let ܽ ∈ ܽ and ܩ ് ݁. 

Then the cyclic group ۧܽۦ is a proper subgroup of ܩ which is a contradiction. Hence ܩ is 

cyclic. 

Also ܩ cannot be infinite, for, an infinite cyclic group contains a proper subgroup ܽۦଶۧ. 
Hence ܩ must be of finite order, say, ݊. 

We claim that ݊ is prime. If possible let ݊ be a composite number. Let ݊ ൌ  where ݍ݌

,݌ ݍ ൐ 1. 
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Let ܽ ∈  .be a generator of the group ܩ

Then ܽۦ௣ۧ is a subgroup of order ݍ and hence is a proper subgroup of ܩ which is a 

contradiction. 

Hence ݊ is prime. 

∴  .is a cyclic group of prime order ܩ	

 

Solved problems 

Problem 1. Let ܣ and ܤ be subgroups of a finite group ܩ such that ܣ is a subgroup of ܤ. 

Show that ሾܩ: ሿܣ ൌ ሾܩ: :ܤሿሾܤ  .ሿܣ
Solution. ሾܩ: ሿܣ ൌ |ீ|

|஺| (by Lagrange's theorem) 

ሾܩ: ሿൌܤ |ܤ||ܩ|
 and ሾܤ: ሿൌܣ |ܣ||ܤ|

∴ 	 ሾܩ: :ܤሿሾܤ ሿൌܣ |ܤ||ܩ|
|ܤ|
|ܣ| ൌ

|ܩ|
|ܣ| ൌ ሾܩ: .ሿܣ

 

Problem 2. Let ܣ and ܤ be two finite subgroups of a group ܩ such that |ܣ| and |ܤ| have 

no common divisors. Then show that ܣ ∩ ܤ ൌ ሼ݁ሽ. 
Solution. ܣ ∩  .ܤ and ܣ is a subgroup of ܤ

∴ By Lagrange's theorem, |ܣ ∩  have |ܤ| and |ܣ| But by hypothesis .|ܤ| and |ܣ| divides |ܤ

no common divisors. 

∴ 	 ܣ| ∩ |ܤ ൌ 1. Hence ܣ ∩ ܤ ൌ ሼ݁ሽ.  
Problem 3. Let ܪ and ܭ be two subgroups of ܩ of finite index in ܩ. Prove that ܪ ∩  is a ܭ

subgroup of finite index in ܩ. 

Solution. By theorem 3.19 ܪ ∩  .is a subgroup of G ܭ

Let ሾܩ: ሿܪ ൌ ݉ and ሾܩ: ሿܭ ൌ ݊. 

We claim that for any ܽ ∈ ,ܩ ሺܪ ∩ ሻܽܭ ൌ ܽܪ ∩  ܽܭ

Clearly, ܪ ∩ ܭ ⊆  and K ܪ

ሺܪ ∩ ሻܽܭ ⊆  .ܽܭ and  ܽܪ

ሺܪ ∩ ሻܽܭ ⊆ ܽܪ ∩  ሺ1ሻ………ܽܭ
Now, let ݔ ∈ ܽܪ ∩ ݔ Then .ܽܭ ∈ ݔ and ܽܪ ∈  ܽܭ

⇒ ݔ ൌ ݄ܽ for some ݄ ∈ ݔ and ܪ ൌ ݇ܽ for some ݇ ∈  .ܭ
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∴ ݄ܽ ൌ ݇ܽ ⇒ ݄ ൌ ݇ ⇒ ݄ ∈ ܪ ∩ ܭ ⇒ ݔ ∈ ሺܪ ∩  .ሻܽܭ
∴ ܽܪ ∩ ܽܭ ⊆ ሺܪ ∩  ሻܽ.......(2)ܭ

From (1) and (2) we have 

ሺܪ ∩ ሻܽܭ ൌ ܽܪ ∩  .ܽܭ
Every right coset of ܪ ∩  and a right coset of ܪ is the intersection of a right coset of ܩ in ܭ

 .ܭ

Also since ሾܩ: ሿܪ ൌ ݉, the number of right cosets of H in G is m.  

Similarly the number of right cosets of K in G isn. Hence the number of right cosets of 

ܪ ∩  .in G is at most mn ܭ

∴ ሾܪ:ܩ ∩ ሿܭ ൑ ݉݊. 

∴ ܪ ∩  .ܩ is a subgroup of finite index in ܭ
Problem 4. Let H and K be two finite subgroups of a group G. Then 

|ܭܪ| ൌ |ܭ||ܪ|
ܪ| ∩  .|ܭ

 

Proof. Let ܮ ൌ ܪ ∩  Since H and K are subgroups of G, L is also a subgroup of G and .ܭ

ܮ ⊆ ܮ and ܪ ⊆  .ܭ

Now, let ݔܮଵ, ,ଶݔܮ … ,  ௠ be the distinct right cosets of L in K so thatݔܮ

ܭ ൌ ଵݔܮ ∪ ଶݔܮ ∪ ⋯∪  ௠............(1)ݔܮ

݉ ൌ ሾܭ: ሿܮ ൌ |௄|
|௅| ൌ

|௄|
|ு∩௄|.................(2) 

From (1)  

ܭܪ ൌ ଵሻݔܮሺܪ ∪ ଶሻݔܮሺܪ ∪ ⋯∪  ௠ሻݔܮሺܪ
																																																								ൌ ଵݔܮܪ ∪ ଶݔܮܪ ∪⋯∪ 	௠ݔܮܪ ሺsince	ܮ ⊆  ሻ........(3)ܪ

We claim that the cosets ݔܪଵ, ,ଶݔܪ … ,  .௠ are distinctݔܪ

Suppose ݔܪ௜ ൌ  .௝ݔܪ
⇒ ௝ିݔ௜ݔ ଵ ∈  .ܪ
Also ݔ௜ , ௝ݔ ∈ ௝ିݔ௜ݔ and hence ܭ ଵ ∈  .ܭ

⇒ ௝ିݔ௜ݔ ଵ ∈ ܪ ∩ ܭ ൌ  .ܮ

⇒ ௜ݔܮ ൌ ,ଵݔܮ ௝ which is a contradiction since the cosetsݔܮ ,ଶݔܮ … ,  .௠ are distinctݔܮ

Thus, from (3) we have: 
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|ܭܪ| ൌ |ଵݔܪ| ൅ |ଶݔܪ| ൅ ⋯൅ |௠ݔܪ| ൌ  |ܪ|݉
										ൌ |ܭ|

ܪ| ∩ |ܭ  ሺ2ሻሻݕሺܾ |ܪ|

											ൌ |ܭ||ܪ|
ܪ| ∩  .|ܭ

Problem 5. Let H and K be two subgroups of a finite group G such that|ܪ| ൐ ඥ|ܩ| and 

|ܭ| ൐ ඥ|ܩ|. Then		ܪ ∩ ܭ ് ݁. 

Proof. Suppose ܪ ∩ ܭ ൌ ܪ|.݁ ∩ |ܭ ൌ 1. 

|ܭܪ| ൌ |ு||௄|
|ு∩௄| ൌ 	|ܭ||ܪ| ሺby Problem	4ሻ 

											൐ ඥ|ܩ|, ඥ|ܩ| ൌ  .|ܩ|
∴ |ܭܪ| ൐  which is a contradiction |ܩ|

∴ ܪ ∩ ܭ ് ݁. 
Exercises 

1. Show that any group of order 17 is cyclic. 

2. Show that any infinite group has proper subgroups. 

3. Prove that in an infinite cyclic group all the subgroups other than ({e}) are infinite. 

 
3.9. Normal Subgroups and Quotient Groups 

Definition. A subgroup H of G is called a normal subgroup of G if  aH=Ha for all aϵ G.. 

Examples 

1. For any group G, {e} and G are normal subgroups. 

2. In S3, the subgroup {e,p1,p2} is normal. 

3. In S3, the subgroup {e,p3} is not a normal subgroup 

Theorem 3.39  Every subgroup of an abelian group is a normal subgroup. 

Proof. Let G be an abelian group and let H be a subgroup of G. Let ܽ ∈  .ܩ

We claim that ܽܪ ൌ  .ܽܪ

Let xϵ aH.  Then  x=ah  for some hϵ H (since G is abelian) 

	∴ ݔ ∈ ܪܽ			Hence .ܽܪ ⊆  .ܽܪ
Similarly ܽܪ ⊆  .ܪܽ

∴ ܪܽ ൌ  .and hence H is a normal subgroup of G ܽܪ
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Examples 

(i). ݊Ժ is a normal subgroup of ሺԺ,൅ሻ. 
(ii) Every subgroup of ሺԺ,⊕ሻ is normal. 

(iii) Since any cyclic group is abelian any subgroup of a cyclic group is normal. 

Theorem 3.40 Let H be a subgroup of index 2 in a group G. Then H is a normal subgroup of 

G. 

Proof. If aϵ H then H=aH=Ha. 

If ܽ ∉  then aH is a left coset different from H. Hence H∩ aH=Ф ,ܪ

Further, since index of H in G is 2, ܪ ∪ ܪܽ ൌ  .ܩ

Hence ܽܪ ൌ ܩ െ  .ܪ

Similarly, ܽܪ ൌ ܩ െ ܪܽ so that ܪ ൌ  .ܽܪ

Hence H is a normal subgroup of G. 

Example. The alternating group ܣ௡ is a subgroup of index 2 in ܵ௡, and hence is a normal 

subgroup of ܵ௡. 

Theorem 3.41  Let N be a subgroup of G. Then the following are equivalent: 

(i) N is a normal subgroup of G. 

(ii) ܽܰ ൌ ܰܽ for all ܽ ∈  .ܩ

(iii) ܽܰܽିଵ ⊆ ܰ for all ܽ ∈  .ܩ

(iv) ܽܰܽିଵ ൌ ܰ for all ܽ ∈ ܰ and ܽ ∈  .ܩ

Proof. (i) ⇒ (ii) 

Suppose N is a normal subgroup of G. 

∴ ܽܰ ൌ ܰܽ for all ܽ ∈  .ܩ

∴ ܽܰܽିଵ ൌ ܰܽܽିଵ ൌ ܰ݁ ൌ ܰ 

 (ii) ⇒ (iii) and (iii) ⇒ (iv) are obvious. 

(iv) ⇒ (i). 

Suppose that ܽܰܽିଵ ൌ ܰ for all ݊ ∈ ܰ and ܽ ∈  .ܩ

We claim that ܽܰ ൌ ܰܽ. 

Let ݔ ∈ ܽܰ. Then 

ݔ ൌ ܽ݊	for some ݊ ∈ ܰ. 

ݔ ൌ ሺܽ݊ܽିଵሻܽ ∈ ܰܽ	 ሺsince	ܽ݊ܽିଵ ∈ ܰሻ 
∴ ܽܰ ⊆ ܰܽ.	 . . . ሺ1ሻ 
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Now, let ݔ ∈ ܰܽ. Then 

ݔ ൌ ݊	݁݉݋ݏ	ݎ݋݂		ܽ݊ ∈ ܰ. 

ݔ ൌ ܽሺܽିଵ݊ܽሻ ∈ ܽܰ . . . ሺ2ሻ 
From (1) and (2) we get ܽܰ ൌ ܰܽ. 

Hence N is a normal subgroup of G. 

 

Solved Problems 

Problem 1 Prove that the intersection of two normal subgroups of a group G is a normal 

subgroup of G. 

Solution.  Let H and K be two normal subgroups of G. Then ܪ ∩  .is a subgroup of G ܭ

Now, let ܽ ∈ ݔ and ܩ ∈ ܪ ∩ ݔ Then .ܭ ∈ ݔ and ܪ ∈  .ܭ

Since H and K are normal, ܽିܽݔଵ ∈ ଵିܽݔܽ and ܪ ∈  .ܭ

ଵିܽݔܽ ∴ ∈ ܪ ∩  .(ܭ

Hence ܪ ∩  .is a normal subgroup of G ܭ

 

Problem 2 The centre H of a group G is a normal subgroup of G. 

Solution.The centre H of G is given by 

ܪ ൌ ሼܽ ∈ :ܩ ݔܽ ൌ ݔ݈݈ܽ	ݎ݋݂	ܽݔ ∈  .ሽܩ
Now let ݔ ∈ ܽ and ܪ ∈ ݔܽ Hence .ܩ ൌ  .ܽݔ

ଵିܽݔܽ ∴ ൌ ݔ ∈  .ܪ

Hence H is a normal subgroup of G. 

Problem 3 Let H be a subgroup of G. Let ܽ ∈  .ଵ is a subgroup of Gିܽܪܽ Then .ܩ

Solution. ݁ ൌ ܽ݁ܽିଵ ∈ ଵିܽܪܽ ଵ and henceିܽܪܽ ് ϕ. 

Now let ݔ, ݕ ∈  .ଵିܽܪܽ
Then ݔ ൌ ݄ܽଵܽିଵ and ݕ ൌ ݄ܽଶܽିଵ where ݄ଵ, ݄ଶ ∈  .ܪ

Now, 

ଵିݕݔ ൌ ሺ݄ܽଵܽିଵሻሺ݄ܽଶܽିଵሻିଵ 

											ൌ ሺ݄ܽଵܽିଵሻሺ݄ܽଶି ଵܽିଵሻ 
										ൌ ܽሺ݄ଵ݄ଶି ଵሻܽିଵ ∈  ଵିܽܪܽ

 .ଵ is a subgroup of Gିܽܪܽ ∴
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Problem 4  Show that if a group G has exactly one subgroup H of given order, then H is a 

normal subgroup of G. 

Solution. Let the order of H be m. 

Let a ∈ G. Then by solved problem 3, ܽିܽܪଵ is also a subgroup of G. 

We claim that|ܪ| ൌ |ଵିܽܪܽ| ൌ ݉. 

Now, consider ݂:ܪ → ଵ defined by ݂ሺ݄ሻିܽܪܽ ൌ ݄ܽܽିଵ. 
To prove f is 1-1.  

݂ሺ݄ଵሻ ൌ ݂ሺ݄ଶሻ ⇒ ݄ܽଵܽିଵ ൌ ݄ܽଶܽିଵ ⇒ ݄ଵ ൌ ݄ଶ. 
Hence f is 1-1. 

To prove f is onto 

Let ݔ ൌ ݄ܽܽିଵ ∈  .ଵିܽܪܽ
Then ݂ሺ݄ሻ ൌ  .Thus f is a bijection .ݔ

|ܪ| ൌ |ଵିܽܪܽ| ൌ ݉. 

But H is the only subgroup of G of order m. 

⇒ ଵିܽܪܽ ൌ  .Hence aH = Ha .ܪ

∴ H is a normal subgroup of G. 

 ૞. Show that if H and N are subgroups of a group G and N is normal in G, then	ܕ܍ܔ܊ܗܚ۾

ܪ ∩ ܰ is normal in H. Show by an example that ܪ ∩ ܰ need not be normal in G. 

Solution. Let ݔ ∈ ܪ ∩ ܰ and ܽ ∈  .ܪ

We claim that ܽିܽݔଵ ∈ ܪ ∩ ܰ. 

Now, ݔ ∈ ܰ and ܽ ∈ ܪ ⇒ ଵିܽݔܽ ∈ ܰ (since N is a normal subgroup). 

Also ݔ ∈ ܽ and ܪ ∈ ܪ ⇒ ଵିܽݔܽ ∈  .(since H is a group) ܪ

Hence ܽିܽݔଵ ∈ ܪ ∩ ܰ. 

∴ H ∩ N is a normal subgroup of H. 

Example. Give an example to shows that H ∩ N need not be normal in G. 

Let ܩ ൌ ܵଷ. Take N = G and ܪ ൌ ሼ݁,  .{ଷ݌

Now ܪ ∩ ܰ ൌ  .which is not normal in G ܪ

 ૟. If H is a subgroup of G and N is a normal subgroup of G then HN is a	ܕ܍ܔ܊ܗܚ۾

subgroup of G. 

Solution. To prove that HN is a subgroup of G, it is enough if we prove that HN = NH  
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Let ݔ ∈ ݔ Then .ܰܪ ൌ ݄݊ where ݄ ∈ ݊ and ܪ ∈ ܰ. 

But ݄ܰ ൌ ݄ܰ (since N is normal). 

ݔ ∈ ݄ܰ. Hence ܰܪ ⊆  .ܪܰ

Similarly ܰܪ ⊆  .ܰܪ

∴ HN = NH. Hence HN is a subgroup of G. 

Problem 7. M and N are normal subgroups of a group G such that M ∩ N = {e}. Show 

that every element of M commutes with every element of N. 

Solution. Let a ∈ M and b ∈ N. 

We claim that ab = ba. 

Consider the element ܾܽܽିଵܾିଵ. 
Since ܽିଵ ∈ and M is normal, ܾܽିଵܾିଵ ܯ ∈  .ܯ

Also ܽ ∈ so that ܾܽܽିଵܾିଵ ,ܯ ∈  .ܯ

Again, since ܾ ∈ ܰ and N is normal, ܾܽܽିଵ ∈ ܰ. 

Also ܾିଵ ∈ ܰ, so that ܾܽܽିଵܾିଵ ∈ ܰ. 

Thus ܾܽܽିଵܾିଵ ∈ ܯ ∩ ܰ ൌ ݁. 

∴ ܾܽܽିଵܾିଵ ൌ ݁, so that ab = ba. 

Exercises. 

1. If A is normal in G and B a subgroup of G such that ܣ ⊆ ܤ ⊆  then prove that A is a ,ܩ

normal subgroup of B. 

2. Show that a subgroup of index 3 need not be normal. 

 

Definition. Let G be a group and N be a subgroup of G. Denote by G/N the set of all right 

cosets of N in G. Thus G/N={Na: aϵG} 

Theorem 3.42. A subgroup N of G is normal iff the product of two right cosets of N is 

again a right coset of N. 

Proof. Suppose N is a normal subgroup of G. 

Then ܾܰܽܰ ൌ ܰሺܽܰሻܾ ൌ ܰሺܰܽሻܾ	 ሺsince	ܽܰ ൌ ܰܽሻ 
																						ൌ ܾܰܰ ൌ ܾܰܽ	 ሺsince ܰܰ ൌ ܰሻ 
																						ൌ ܾܰܽ 

Conversely, suppose that the product of any two right cosets of N is again a right coset of 

N. Then NaNb is a right coset of N. 
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Further ܾܽ ൌ ሺ݁ܽሻሺܾ݁ሻ ∈ ܾܰܽܰ. 

Hence NaNb is the right coset containing ab. 

∴ ܾܰܽܰ ൌ ܾܰܽ 

Now, we prove that N is a normal subgroup of G. 

Let ܽ ∈ ݊ and ܩ ∈ ܰ. Then 

ܽ݊ܽିଵ ൌ ݁ܽ݊ܽିଵ ∈ ܰܽܰܽିଵ ൌ ܰܽܽିଵ ൌ ܰ. 

∴ ܽ݊ܽିଵ ∈ ܰ. 
Hence N is a normal subgroup of G. 

Theorem 3.43. Let N be a normal subgroup of a group G. Then ܩ/ܰ is a group under the 

operation defined byܾܰܽܰ ൌ ܾܰܽ. 

Proof. By theorem 3.42 the operation given by  ܾܰܽܰ ൌ ܾܰܽ	is a well-defined binary 

operation in ܩ/ܰ. 

Now, let ܰܽ,ܾܰ, ܰܿ ∈  .ܰ/ܩ

Then 

ܰܽሺܾܰܰܿሻ ൌ ܰܽሺܾܰܿሻ ൌ ܰሺܾܽሻܿ ൌ ሺܾܰܽܰሻܰܿ. 
∴ ሺܾܰܽܰሻܰܿ ൌ ܰܽሺܾܰܰܿሻ. 
Hence the binary operation is associative. 

ܰ݁ ൌ ܰ ∈  and ܰ/ܩ

ܰܽܰ݁ ൌ ܰܽ݁ ൌ ܰܽ ൌ ܰ݁ܰܽ. 
∴ ܰ݁ is the identity element. 

Also ܰܽܰܽିଵ ൌ ܰܽܽିଵ ൌ ܰ݁ ൌ ܰܽିଵܰܽ. 
∴ ܰܽିଵ is the inverse of ܰܽ. 
Hence ܩ/ܰ is a group. 

Definition. Let N be a normal subgroup of G. Then the group ܩ/ܰ is called the quotient 

group (or factor group) of G modulo N. 

Example 3Ժ is a normal subgroup of ሺԺ,൅ሻ. 
The quotient group Ժ/3Ժ ൌ ሼ3Ժ ൅ 0,3Ժ ൅ 1,3Ժ ൅ 2}. 

Hence Ժ/3Ժ is a group of order 3. 

Exercises 
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1. Find the order of the following quotient groups: 

(a)  
Ժల
ଷ  

(b) Ժ଺଴/ሺ5ሻ 
2. Compute ܵ௡/ܣ௡. 

3. Compute ସܸ/݁ۦ, ܽۧ. 
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UNIT III 

 

3.10. Isomorphism 

Definition. Let ߱ ് 1 be a cubic root of unity. Let ܩ ൌ ሼ1, ߱, ߱ଶሽ. ܩ is a group under 

usual multiplication. The Cayley table for ܩ is given by 

 

. 1 ߱ ߱ଶ 

1 1 ߱ ߱ଶ 

߱ ߱ ߱ଶ 1 

߱ଶ ߱ଶ 1 ߱ 

Example. ሺܼଷ,⊕ሻ is a group and its Cayley table is given by 

⊕ 0 1 2 

0 0 1 2 

1 1 2 0 

2 2 0 1 

Definition. Let ܩ and ܩᇱ be two groups. A map ݂: ܩ →  ᇱ is called an isomorphism ifܩ

(i) ݂ is a bijection 

(ii) ݂ሺݕݔሻ ൌ ݂ሺݔሻ݂ሺݕሻ for all ݔ, ݕ ∈  .ܩ

Two groups ࡳ and ࡳᇱ are said to be isomorphic if there exists an isomorphism ݂: ܩ →  .ᇱܩ
If two groups G and ܩᇱ are isomorphic we write ܩ ≅  .ᇱܩ
 

Theorem 3.44. Isomorphism is an equivalence relation among groups. 

Proof. For any group ܩ, ݅ீ : ܩ → ሻݕݔis clearly an isomorphism. ݅ሺ ܩ ൌ  ݕݔ

Hence ܩ ≅  .Therefore, the relation is reflexive .ܩ

Now, let ܩ ≅ :݂ ᇱ and letܩ ܩ → ᇱܩ :ᇱ be an isomorphism. TPܩ ≅  ܩ

Then ݂ is a bijection.  ݂ሺݕݔሻ ൌ ݂ሺݕݔሻ݂ሺݕሻ 
∴ 	݂ିଵ: ᇱܩ →  .is also a bijection ܩ

Now, let ݔᇱ, ᇱݕ ∈ ᇱሻݕᇱݔᇱ. TP:- ݂ିଵሺܩ ൌ∝  ݕ
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Let ݂ିଵሺݔᇱሻ ൌ ᇱሻݕand ݂ିଵሺ ݔ ൌ  .ݕ

Then ݂ሺݔሻ ൌ ሻݕᇱ and ݂ሺݔ ൌ  .ᇱݕ
∴ 	݂ሺݕݔሻ ൌ ݂ሺݔሻ݂ሺݕሻ ൌ  .ᇱݕᇱݔ
∴ 	݂ିଵሺݔᇱݕᇱሻ ൌ ݕݔ ൌ ݂ିଵሺݔᇱሻ݂ିଵሺݕᇱሻ. 
Hence ݂ିଵ is an isomorphism. 

Thus ܩᇱ ≅  .and hence the relation is symmetric ܩ

Now, let ܩ ≅ ᇱܩ ᇱ andܩ ≅  ᇱᇱܩ
Then there exist isomorphisms ݂: ܩ → :݃ ᇱ andܩ ᇱܩ →  .ᇱᇱܩ
Since ݂ and ݃ are bijections, ݃ ∘ ݂: ܩ →  .ᇱᇱ is also a bijectionܩ

Now, let ݔ, ݕ ∈  Then .ܩ

ሺ݃ ∘ ݂ሻሺݕݔሻൌ ݃ሾ݂ሺݕݔ‾ሻሿ
ൌ ݃ሾ݂ሺݔሻ݂ሺݕሻሿሺ since ݂ is an	isomorphismሻ 
ൌ ݃ሾ݂ሺݔሻሿ݃ሾ݂ሺݕሻሿሺ since ݃ is an		isomorphismሻ								  

ሺ݃ ∘ ݂ᇱሻሺݕݔሻ ൌ ሺ݃ ∘ ݂ሻሺݔሻሺ݃ ∘ ݂ሻሺݕሻ. 
Hence ݃ ∘ ݂ is an isomorphism. 

Thus ܩ ≅  .ᇱᇱ and hence the relation is transitiveܩ

∴ Isomorphism is an eguivalence relation among groups. 

Examples 

1. ሺZ,൅ሻ ≅ ሺ2Z,൅ሻ. 
Consider ݂: ܼ → 2ܼ given by ݂ሺݔሻ ൌ  .ݔ2

Clearly ݂ is a bijection. Also 

݂ሺݔ ൅ ሻൌݕ 2ሺݔ ൅ ሻݕ
ൌ ݔ2 ൅ ݕ2 ൌ ݂ሺݔሻ ൅ ݂ሺݕሻ 

Hence ݂ is an isomorphism. 

2.  Let ܩ ൌ ቄ�ቀܽ 0
0 0ቁቚ ܽ ∈ ܀

∗ቅ. 
 .is a group under matrix multiplication ܩ

We claim that ܩ ≅ ሺ܀∗,⋅ሻ. 
Consider ݂: ܩ → ݂  given by ∗܀ ቀܽ 0

0 0ቁ ൌ ܽ. 
Clearly ݂ is a bijection. 

Now, let ܣ ൌ ቀܽ 0
0 0ቁ and ܤ ൌ ቀܾ 0

0 0ቁ ∈  .ܩ
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Then ܤܣ ൌ ቀܾܽ 0
0 0ቁ 

∴ 	݂ሺܤܣሻ ൌ ܾܽ ൌ ݂ሺܣሻ݂ሺܤሻ. 
Hence ݂ is an isomorphism. 

3. ሺ܀,൅ሻ ≅ ሺ܀ା,⋅ሻ. 
Consider ݂: ܀ → ሻݔାgiven by ݂ሺ܀ ൌ ݁௫. 

Clearly ݂ is a bijection. 

Also ݂ሺݔ ൅ ሻݕ ൌ ݁௫ା௬ ൌ ݁௫݁௬ ൌ ݂ሺݔሻ݂ሺݕሻ. 
Hence ݂ is an isomorphism. 

4. ۵ ൌ െ܀ ሺെ1ሻ is a group under ∗ defined by ܽ ∗ ܾ ൌ ܽ ൅ ܾ ൅ ܾܽ. We claim that 

ܩ ≅ ሺ܀∗,⋅ሻ. 
Consider ݂: ܩ → ሻݔgiven by ݂ሺ ∗܀ ൌ ݔ ൅ 1. 

Clearly ݂ is a bijection. 

݂ሺݔ ∗ ሻൌݕ ݂ሺݔ ൅ ݕ ൅ ሻݕݔ
ൌ ݔ ൅ ݕ ൅ ݕݔ ൅ 1
ൌ ሺݔ ൅ 1ሻሺݕ ൅ 1ሻ
ൌ ݂ሺݔሻ݂ሺݕሻ

 

Hence ݂ is an isomorphism. 

Example. ሺ܈௡,⊕ሻ is a group. 

Let ܩ denote the set of all ݊th  roots of unity ܩ is a group under usual multiplication. 

We claim that ሺ܈௡,⊕ሻ ≅  .ܩ

Consider ݂: ௡܈ → given by ݂ሺ݉ሻ ܩ ൌ ߱௡ where ߱ ൌ cos	ሺ2ߨ/݊ሻ ൅ ݅sin	ሺ2ߨ/݊ሻ. 
Clearly ݂ is a bijection. 

Let ܽ, ܾ ∈ ܽ ௡. Let܈ ൅ ܾ ൌ ݊ݍ ൅ where 0 ݎ ൑ ݎ ൑ ݊. 

Then ܽ ⊕ ܾ ൌ  Hence .ݎ

݂ሺܽ ⊕ ܾሻ ൌ ߱௥............(1) 

݂ሺܽሻ݂ሺܾሻ ൌ ߱௔߱௕ ൌ ߱௔ା௕ ൌ ߱௤௡ା௥ൌ ߱௤௡߱௥ ൌ 1߱௥ ൌ ߱௥ ............(2) 

From (1) and (2), we get ݂ሺܽ ⊕ ܾሻ ൌ ݂ሺܽሻ݂ሺܾሻ. 
Hence ݂ is an isomorphism. 
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Exercises 

1. Show that ܩ ൌ ቄ�ቀܽ 0
0 0ቁቚ ܽ ∈  ቅ is : group under matrix addition and prove that܀

ܩ ≅ ሺ܀,൅ሻ. 
2. Show that ܩ ൌ ቄ�ቀ ܽ ܾ

െܾ ܽቁቚ ܽ, ܾ ∈ Թ� ad �ܽଶ ൅ ܾଶ ് 0ሽ is a group under matrix mult 

plication and ܩ ≅ ሺ۱∗,⋅ሻ. 
3. Let ௔݂: ܀ → ሻݔbe the function defined ܾ ! ௔݂ሺ ܀ ൌ ݔ ൅ ܽ. Then ܩ ൌ ሺ ௔݂/ܽ ∈   ሻis܀

group under composition of functions. Show that ܩ ≅ ሺ܀,൅ሻ. 
 

Theorem 3.45. Let ݂: ܩ →  ᇱ be an isomorphism. Thenܩ

(i) ݂ሺ݁ሻ ൌ ݁ᇱ where ݁ and ݁ᇱ are the identity elements of ܩ and ܩᇱ respectively. (ie). In an 

isomorphism identity is mapped onto indentity. 

(ii) ݂ሺܽିଵሻ ൌ ሾ݂ሺܽሻሿିଵ. 

Proof. (i) To prove that ݂ሺ݁ሻ ൌ ݁ᇱ it is enough if we prove that ܽᇱ݂ሺ݁ሻ ൌ ݂ሺ݁ሻܽᇱ ൌ ܽᇱ for 

all ܽᇱ ∈  .ᇱܩ
Let ܽᇱ ∈ :݂ ᇱ. Sinceܩ ܩ → ܽ ᇱ is a bijection, there exists such thatܩ ∈ such that ݂ሺܽሻ ܩ ൌ
ܽᇱ. 
∴ ܽᇱ݂ሺ݁ሻ ൌ ݂ሺܽሻ݂ሺ݁ሻ ൌ ݂ሺܽ݁ሻ ൌ ݂ሺܽሻ ൌ ܽᇱ. 
Similarly ݂ሺ݁ሻܽᇱ ൌ ܽᇱ 
∴ 	݂ሺ݁ሻ ൌ ݁ᇱ. 
(ii) It is enough to prove that ݂ሺܽሻ݂ሺܽିଵሻ ൌ ݂ሺܽିଵሻ݂ሺܽሻ ൌ ݁ᇱ. 
Now, ݂ሺܽሻ݂ሺܽିଵሻ ൌ ݂ሺܽܽିଵሻ ൌ ݂ሺ݁ሻ ൌ ݁ᇱ. 
Also, ݂ሺܽିଵሻ݂ሺܽሻ ൌ ݂ሺܽିଵܽሻ ൌ ݂ሺ݁ሻ ൌ ݁ᇱ. 
∴ 	݂ሺܽሻ݂ሺܽିଵሻ ൌ ݂ሺܽିଵሻ݂ሺܽሻ ൌ ݁ᇱ. 
∴ 	 ሾ݂ሺܽሻሿିଵ ൌ ݂ሺܽିଵሻ. 
Remark. The concept of isomorphism for groups is extremely important. Since two 

isomorphic groups ܩ and ܩᇱ have essentially the same structure, if one group ܩ has an 

additional property (for example abelian or cyclic) then the group ܩᇱ also has this 

additional property. This is seen in the following three theorems. 

Theorem 3.46. Let ݂: ܩ →  .ᇱ is also abelianܩ is abelian, then ܩ ᇱ be an isomorphism. Ifܩ

Proof. Let ܽᇱ, ܾᇱ ∈ ,ܽ ᇱ. Then there existܩ ܾ ∈ such that ݂ሺܽሻ ܩ ൌ ܽᇱ and ݂ሺܾሻ ൌ ܾᇱ.  
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Now, ܽᇱܾᇱ ൌ ݂ሺܽሻ݂ሺܾሻ ൌ ݂ሺܾܽሻ ൌ ݂ሺܾܽሻ ൌ ݂ሺܾሻ݂ሺܽሻ ൌ ܾᇱܽᇱ.  
Hence ܩᇱ is abelian. 

Theorem 3.47. Let ݂: ܩ → ܽ ᇱ be an isomorphism. Letܩ ∈  Then the order of ܽ is equal .ܩ

to the order of ݂ሺܽሻ.  
(ie) Isomorphism preserves the order of each element in a group. 

Proof. Suppose the order of ܽ is ݊. Then ݊ is the least positive integer such that ܽ௡ ൌ ݁. 

Now, ሾ݂ሺܽሻሿ௡ ൌ ݂ሺܽሻ……݂ሺܽሻ	ሺ݂ሺܽሻ written ݊ times 

																						
ൌ ݂ሺܽ௡ሻ (since ݂ is an isomorphism) 
ൌ ݂ሺ݁ሻ
ൌ ݁ᇱ

 

Now, if possible, let ݉ be a positive integer such that 0 ൏ ݉ ⩽ ݊ and ሾ݂ሺܽሻሿ௠ ൌ ݁ᇱ. 
Then ݂ሺܽ௠ሻ ൌ ሾ݂ሺܽሻሿ௠ ൌ ݁ᇱ 
But ݂ሺ݁ሻ ൌ ݁ᇱ. Since ݂ is 1-1  we have ܽ௠ ൌ ݁ which contradicts the definition of the 

order of ܽ. 

∴ 	݊ is the least positive integer such that ሾ݂ሺܽሻሿ௡ ൌ ݁ᇱ. 
∴	 The order of ݂ሺܽሻ is ݊. 

Theorem 3.48. Let ݂: ܩ →  .ᇱ is also cyclicܩ is cyclic then ܩ ᇱ be an isomorphism. Ifܩ

Proof. Let ܽ be a generator of the group ܩ. We shall prove that ݂ሺܽሻ is a generator of the 

group ܩᇱ. 
Let ݔᇱ ∈ ݔ ᇱ. Since ݂ is a bijection, there existsܩ ∈ ሻݔsuch that ݂ሺ ܩ ൌ  .ᇱݔ
Now, since ܩ ൌ ,ሻܽۦ ݔ ൌ ܽ௡ for some integer ݊. 

Hence ݔᇱ ൌ ݂ሺݔሻ ൌ ݂ሺܽ௡ሻ ൌ ሾ݂ሺܽሻሿ௡. 

Since ݔᇱ ∈ ᇱܩ ᇱ is of the form ሾ݂ሺܽሻሿ௡ so thatܩ ᇱ is arbitrary every element ofܩ ൌ  .ሺܽሻ݂ۧۦ
Hence ܩᇱ is cyclic. 

Remark. To-prove that two groups ܩ and ܩᇱ are isomorphic/we exhibit a bijection 

݂: ܩ → ሻݕݔᇱ such that ݂ሺܩ ൌ ݂ሺݔሻ݂ሺݕሻ for all ݔ, ݕ ∈  ᇱ are notܩ and ܩ If two groups .ܩ

isomorphic, then no such bijection exists. But in general it is not easy to try every possible 

bijection and find out whether it has the above property or not except when there is no 

bijection. In this case it is obvious that the groups are not isomorphic. 
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Examples. 

 ସ contains 4 elements and ܵଷ contains 6܈ and ܵଷ are not isomorphic since ( ⊕,ସ܈ )  .1

elements and therefore there exists no bijection from ܈ସ to ܵଷ. 

2. The groups ( ܈଺,⊕ ) and ܵଷ. Both groups contain 6 elements. We note that ܈଺ is 

abelian whereas ܵଷ is non-abelian. Hence by theorem 3.46 these two groups are not 

isomorphic.  Thus in this case we conclude that the two groups are not isomorphic by 

showing that one group has an algebraic property which the other group does not have.  

3. Consider ( ܈, ൅) and ( ۿ ൅ ). These two groups are not isomorphic since ( ܈,൅ ) is 

cyclic and ( ܳ,൅ ) is not cyclic 

Problem 1. Show that ( ܀∗,⋅ ) is not isomorphic to ( ܀,൅ ). 

Solution. In ሺ܀,൅ሻ every element other than 0 is of infinite order. But in ( ܀∗,⋅ ) there 

exists an element (other than 1 ) of finite order. For example, -1 is of order 2 in ( ܀∙,⋅ ). 
Hence we cannot find an isomorphism from ( ܀∗,⋅ ) to ( ܀,൅ ). (by theorem 3.47). 

Problem 2. Show that ሺ܈ସ,⊕ሻ is not isomorphic to V4. 

Solution. In ܈ସ, 1 is an element of order 4. B௎ర ସܸ every element other than ݁ is of order 2 . 

Hence, two groups are not isomorphic. 

This can also be proved by noticing that ܈૝ is cycles and ସܸ is not cyclic. 

Problem 3. If ܩ is a group and ܩᇱ is a set with a bines operation and there exists a one-one 

mapping ݂ from ݂ onto ܩᇱ such that ݂ሺܾܽሻ ൌ ݂ሺܽሻ݂ሺܾሻ for all ܽ, ܾ ∈ ܿ then show that ܩᇱ 
is also a group. 

Solution. Let ܽ, ܾ, ܿ ∈  .ᇱܩ
Since ݂: ܩ → ,ܽ ᇱ is a bijection, there existܩ ܾ, ܿ ∈  such that ܩ

݂ሺܽሻ ൌ ܽᇱ; ݂ሺܾሻ ൌ ܾᇱ; ݂ሺܿሻ ൌ ܿᇱ. 
Since ܩ is a group, ሺܾܽሻܿ ൌ ܽሺܾܿሻ. 
∴ 	݂ሾሺܾܽሻܿሿ ൌ ݂ሾܽሺܾܿሻሿ. 
∴ 	݂ሺܾܽሻ݂ሺܿሻ ൌ ݂ሺܽሻ݂ሺܾܿሻ (by hypothesis). 

∴ 	 ሾ݂ሺܽሻ݂ሺܾሻሿ݂ሺܿሻ ൌ ݂ሺܽሻሾ݂ሺܾሻ݂ሺܿሻሿ. 
∴ 	 ሺܽᇱܾᇱሻܿᇱ ൌ ܽᇱሺܾᇱܿᇱሻ. 
The binary operation in ܩᇱ is associative. 

Now, let ݁ ∈  .be the identity element ܩ

Let ܽᇱ ∈ :݂ ᇱ. Sinceܩ ܩ → ܽ ᇱ is a bijection, then existsܩ ∈ such that ݂ሺܽሻ ܩ ൌ ܽᇱ. 
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Now, ܽ݁ ൌ ݁ܽ ൌ ܽ. 

∴ 	݂ሺܽ݁ሻ ൌ ݂ሺ݁ܽሻ ൌ ݂ሺܽሻ. 
∴ 	݂ሺܽሻ݂ሺ݁ሻ ൌ ݂ሺ݁ሻ݂ሺܽሻ ൌ ݂ሺܽሻ. 
∴ 	ܽᇱ݂ሺ݁ሻ ൌ ݂ሺ݁ሻܽᇱ ൌ ܽᇱ. 
∴ ݂ሺ݁ሻ is the identity in ܩᇱ. 
Let ܽᇱ ∈ :݂ ᇱ. Sinceܩ ᇱܩ → ܽ ᇱ is a bijection, the existsܩ ∈ such that ݂ሺܽሻ ܩ ൌ ܽᇱ. 
Now, ܽܽିଵ ൌ ܽିଵܽ ൌ ݁. 

∴ 	݂ሺܽܽିଵሻ ൌ ݂ሺܽିଵܽሻ ൌ ݂ሺ݁ሻ. 
∴ 	݂ሺܽሻ݂ሺܽିଵሻ ൌ ݂ሺܽିଵሻ݂ሺܽሻ ൌ ݂ሺ݁ሻ. 
∴ 	ܽᇱ݂ሺܽିଵሻ ൌ ݂ሺܽିଵሻܽᇱ ൌ ݂ሺ݁ሻ. 
∴ 	݂ሺܽିଵሻ is the inverse of ܽᇱ in ܩᇱ. 
Hence ܩᇱ is a group. 

Problem 4. Let ܩ be any group. Show that ݂: ܩ → ሻݔgiven by ݂ሺ ܩ ൌ  ଵ is anିݔ

isomorphism ⇔  .is abelian ܩ

Solution. Let ݂: ܩ → ሻݔgiven by ݂ሺ ܩ ൌ  is ܩ ଵ be an isomorphism. We claim thatିݔ

abelian. 

Let ݔ, ݕ ∈  .ܩ

Then ݂ሺିݔଵିݕଵሻ ൌ ݂ሺିݔଵሻ݂ሺିݕଵሻ. (since ݂ is an isomorphism). 

∴ 	 ሺିݔଵିݕଵሻିଵ ൌ ሺିݔଵሻିଵሺିݕଵሻିଵ. 

∴ 	 ሺିݕଵሻିଵሺିݔଵሻିଵ ൌ ሺିݔଵሻିଵሺିݕଵሻିଵ. 
∴ ݔݕ	 ൌ  .ݕݔ

sHence ܩ is abelian. 

Conversely, suppose ܩ is abelian. 

Clearly ݂: ܩ → ሻݔgiven by ݂ሺ ܩ ൌ  .ଵ is a bijectionିݔ

Now, ݂ሺxyሻ ൌ ሺሺݕݔሻିଵሻ = ିݕଵିݔଵ= ିݔଵିݕଵ = f(x)f(y) 

∴ 	݂ is an isomorphism. 

Exercises 

1. Show that any two groups of order 2 are isomorphic. 

2. Show that any two groups of order 3 are isomorphic. 

3. Show that any proper subgroup of ሺZ, ൅ሻ is isomorphic to ( ܈,൅ ). (Hint: Any proper          

        subgroup of 77 ) 
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4. Show that ሺۿ,൅ሻ is not isomorphic to ሺۿ∗,⋅ሻ. 
5. Show that ሺ۱,൅ሻ is not isomorphic to ሺ۱∗,⋅ሻ. 
6. Let ݂: ܩ → ,ܩ is a subgroup of ܪ ᇱ be an isomorphism. Then ifܩ ݂ሺܪሻ is a subgroup of 

 .ᇱܩ
7. Prove that for any positive integer ݊, ሺ܈݊/܈ሻ ≅  .௡܈

 

Theorem 3.49. Any infinite cyclic group ܩ is isomorphic to ( ܈,൅ ). 

Proof. Let ܩ be an infinite cyclic group with generator ܽ. Then ܩ ൌ ሼܽ௡/݊ ∈  	.ሽ܈
Define ݂: ܼ → by ݂ሺ݊ሻ ܩ ൌ ܽ௡ ⋅ 
Since ܩ is infinite, ݊ ് ݉ ⇒ ܽ௡ ് ܽ௠.  

Hence ݂ is 1 െ 1. Obviously ݂ is onto. 

Now, ݂ሺ݊ ൅ ݉ሻ ൌ ܽ௡ା௠ ൌ ܽ௡ܽ௡ ൌஷ௠ ݂ሺ݊ሻ݂ሺ݉ሻ. 
Hence ݂ is an isomorphism. 

Corollary. Any two infinite cyclic groups are isomorphic to each other. 

Note. Let ܩ and ܩᇱ be two infinite cyclic groups. By theorem 3.49, ܩ ≅ ሺ܈,൅ሻ and 

ሺ܈,൅ሻ ≅ ܩ ᇱ. Thusܩ ≅   .ᇱ (since ≅ is an equivalence relation)ܩ

Theorem 3.50. Any finite cyclic group of order ݊ is isomorphic to ( ܈௡,⊕ ). 

Proof. Let ܩ be a cyclic group of order ݊ with generator ܽ. Then ܩ ൌ
ሼ݁, ܽ, ܽଶ, …… , ܽ௡ିଵሽ. 
Define ݂: ௡܈ → ሻݎby ݂ሺ ܩ ൌ ܽ௥. 

Clearly ݂ is a bijection. 

Now, let ݎ, ݏ ∈ ݎ ௡. Let܈ ⊕ ݏ ൌ ݎ  Then .ݐ ൅ ݏ ൌ ݊ݍ ൅ where 0 ,ݐ ൑ ݐ ൏ ݊. 

∴ 	݂ሺݎ ⊕ ሻݏ ൌ ܽ௥⊕௦ ൌ ܽ௧ ……………ሺ1ሻ  

Also,  ݂ሺݎሻ݂ሺݏሻ ൌ ܽ௥ܽ௦ ൌ ܽ௥ା௦ ൌ ܽ௤௡ା௧ ൌ ܽ௤௡ܽ௧ ൌ ሺܽ௡ሻ௤ܽ௧ ൌ ݁ܽ௧ ൌ ܽ௧ ………… . . ሺ2ሻ 
From (1) and (2), we get ݂ሺݎ ⊕ ሻݏ ൌ ݂ሺݎሻ݂ሺݏሻ. 
Hence ݂ is an isomorphism. 

Corollary. Any two finite cyclic groups of the same order are isomorphic. 

Theorem 3.51 (Cayley's theorem)  

Any finite group is isomorphic to a group of permutations. 
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Proof. We shall prove this theorem in 3 steps. We shall first find a set ܩᇱ of permutations. 

Then we prove that ܩᇱ is a group of permutations and finally we exhibit an isomorphism 

ܩ:߶ →  .ᇱܩ
Step 1. Let ܩ be a finite group of order ݊. Let ܽ ∈  .ܩ

Define ௔݂: ܩ → ሻݔby ௔݂ሺ ܩ ൌ  .ݔܽ

Now, ௔݂ is 1 െ 1, since ௔݂ሺݔሻ ൌ ௔݂ሺݕሻ ⇒ ݔܽ ൌ ݕܽ ⇒ ݔ ൌ  .ݕ

Let ݕ ∈ ݂� Then  .ܩ ௔ሺܽିଵݕሻ ൌ ܽሺܽିଵݕሻ ൌ  .ሻ.  Thus ௔݂ is ontoݕ

Thus ௔݂ is a bijection. 

Since ܩ has ݊ elements, ௔݂ is just a permutation on ݊ symbols. 

Let ܩᇱ ൌ ሼ ௔݂/ܽ ∈  .ሽܩ
Step 2. We prove ܩᇱ is a group. 

 Let ௔݂ , ௕݂ ∈  ᇱ. Then (fao fb)(x)= fa(fb(x))=fa(bx)=a(bx)=(ab)x=fab(x)ܩ

Hence ௔݂ ∘ ௕݂ ൌ ௔݂௕. Hence ܩᇱ is closed under composition of mappings. ௘݂ ∈  ᇱ is theܩ

identity element. 

The inverse of ௔݂ in ܩᇱ is ௔݂ି ଵ. 

Step 3. We prove ܩ ≅  .ᇱܩ
Define ߶:: G → ᇱ by ߶ሺܽሻࡳ ൌ ௔݂. 

߶ሺܽሻ ൌ ߶ሺܾሻ ⇒ ௔݂ ൌ ௕݂⇒ ௔݂ሺݔሻ ൌ ௕݂ሺݔሻ
⇒ ݔܽ ൌ ݔܾ ⇒ ܽ ൌ ܾ. 

Hence ߶ is 1 െ 1. Obviously ߶ is onto. . 

 Also ߶ሺܾܽሻ ൌ ௔݂௕ ൌ ௔݂ ∘ ௕݂ ൌ ߶ሺܽሻ ∘ ߶ሺܾሻ 
Hence ߶ is an isomorphism. 

Example. Consider the group ܩ ൌ ሼ݁, ܽ, ܾሽ whose multiplication table is given by 

 ݁ ܽ ܾ 

݁ ݁ ܽ ܾ 

ܽ ܽ ܾ ݁ 

ܾ ܾ ݁ ܽ 

By Cayley's theorem ܩ is isomorphic to the permut. tion group ܩᇱ ൌ ሼ ௘݂ , ௔݂ , ௕݂ሽ were 

௘݂ ൌ ቀ݁ ܽ ܾ
݁ ܽ ܾቁ ; ௔݂ ൌ ቀ

݁ ܾ ܾ
ܽ ܾ ݁ቁ  and ௕݂ ൌ ቀ݁ ܽ ܾ

ܾ ݁ ܽቁ 
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Definition. An isomorphism of a group ܩ to itself is called an automorphism of ܩ. 

Examples. 

1. Any group ܩ has atleast one automorphism namely ݅ீ. 

2. The map ݂: ∗܀ → defined by ݂ሺܽሻ ∗܀ ൌ ܽିଵ is an automorphism. 

Clearly ݂ is a bijection. 

Also ݂ሺܾܽሻ ൌ ሺܾܽିଵሻିଵ ൌ ܾିଵܽିଵ ൌ ܽିଵܾିଵ ൌ ݂ሺܽሻ݂ሺܾሻ    
More generally if ܩ is abelian, ݂: ܩ → defined by ݂ሺܽሻ ܥ ൌ ܽିଵ is an automorphism. 

3. The mapping ܿ given by ߶ሺݖሻ ൌ  is an automorphism of the additive group of ‾ݖ

complex numbers. Clearly ߶ is a bijection and 

߶ሺݖ ൅ ሻൌݓ ሺݖ ൅ ሻݓ
ൌ ‾ݖ ൅ ‾ݓ
ൌ ߶ሺݖሻ ൅ ߶ሺݓሻ

 

4. Let ܩ be any group. Let ܽ ∈ ܩ	:߶ Then .ܩ → ሻݔdefined by ߶௔ሺ ܩ ൌ  ଵ is anିܽݔܽ

automorphism of ܩ. 

For, let ݔ, ݕ ∈  Then .ܩ

߶௔ሺݔሻ ൌ ߶௔ሺݕሻ⇒ ଵିܽݔܽ ൌ ଵିܽݕܽ
⇒ ݔ ൌ  �ሺ by cancellation lawሻݕ

∴ 	߶௔ is 1 െ 1. 

Also ߶௔ሺܽିଵܽݔሻ ൌ ܽሺܽିଵܽݔሻܽିଵ ൌ ሺܽܽିଵሻݔሺܽܽିଵሻ ൌ ݁ݔ݁ ൌ  .ݔ
Hence ܽିଵܽݔ is the pre-image of ݔ under ߶௔. 

Also  

߶௔ሺݕݔሻൌ ଵିܽݕݔܽ
ൌ ሺܽିܽݔଵሻሺܽିܽݕଵሻ
ൌ ߶௔ሺݔሻ߶௔ሺݕሻ

 

Thus ߶௔ is an automorphism of ܩ. 

Definition. The automorphism ߶௔: ܩ →  defined in example 4 is called an inner ܩ

automorphism of the group ܩ. 

Definition. Let ܩ be a group. The set of all automorphisms of ܩ is denoted by Aut ܩ. The 

set of all inner automorphisms of ܩ is denoted by ܫሺܩሻ. 
Theorem 3.52. For any group ܩ, 

(i) Aut ܩ is a group under composition of functions. 

(ii) ܫሺܩሻ is a normal subgroup of Autܩ. 
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Proof. (i) Let ݂, ݃ ∈ Aut ܩ. 

∴ 	݂ and ݃ are isomorphisms of ܩ to itself. 

∴ ݂ ∘ ݃ is an isomorphism of ܩ to itself (Theorem 3.44). 

݂ ∘ ݃ ∈ Aut ܩ. 

݂ ∈ Aut ܩ ⇒ ݂ିଵ ∈ Aut ܩ (Theorem 3.44). 

Clearly composition of functions is associative. 

Hence Aut ܩ is a group. 

(ii) Let ߶௔ , ߶௕ ∈  ሻ. Thenܩሺܫ

ሺ߶௔߶௕ሻሺݔሻൌ ߶௔ሺܾିܾݔଵሻ
ൌ ܽሺܾିܾݔଵሻܽିଵ
ൌ ሺܾܽሻݔሺܾܽሻିଵ
ൌ ߶௔௕ሺݔሻ

 

Hence ߶௔߶௕ ൌ ߶௔௕ ∈  .ሻܩሺܫ
߶௘ is the identity element of ܫሺܩሻ and the inverse of ߶௔ is ߶௔ିଵ. 

∴  .ܩ ሻ is a subgroup of Autܩሺܫ	

We now prove that ܫሺܩሻ is a normal subgroup of Aut (G). 

Let ߙ ∈ ሻ and ߶௔ܩሺݐݑܣ ∈  ሻ. Thenܩሺܫ

ሺߙ߶௔ିߙଵሻሺݔሻ ൌ ሻ൯ݔଵሺିߙ௔൫߶ߙ ൌ ሻܽିଵሻݔଵሺିߙሺܽߙ ൌ ሺܽିଵሻߙሻݔଵሺିߙߙሺܽሻߙ
ൌ ሺܽሻሿିଵߙሾݔሺܽሻߙ ൌ ߶ఈሺ௔ሻሺxሻ ∈  .ሻܩሺܫ

Therefore ߙ߶௔ିߙଵ ൌ ߶ఈሺ௔ሻ ∈  .ሻܩሺܫ
Hence ܫሺܩሻ is a normal subgroup of Aut ܩ. 

Theorem 3.53. Let ܩ be a cyclic group generated by ܽ. Let ݂: ܩ →  be a mapping such ܩ

that ݂ሺݕݔሻ ൌ ݂ሺݔሻ݂ሺݕሻ. Then ݂ is an automorphism of ܩ iff ݂ሺܽሻ is a generator of ܩ. 

Proof. Let ݂ be an automorphism of ܩ. We shall prove that ݂ሺܽሻ is a generator of ܩ. 

Case (i) Let ܩ be a finite cyclic group of order ݊. Then order of ܽ is ݊. By theorem 

3.46݂ሺܽሻ is also an element of order ݊ and hence ݂ሺܽሻ is a generator of ࡳ. 

Case (ii) Let ܩ be infinite. Suppose ݂ሺܽሻ is not a generator of ܩ. Let ܪ ൌ  ܪ ሺܽሻۧ. Then݂ۦ

is a proper subgroup of ܩ. 

We claim that ݂ሺܩሻ ൌ  .ܪ

Let ݔᇱ ∈ ݂ሺܩሻ. Then ݔᇱ ൌ ݂ሺݔሻ for some ݔ ∈  .ܩ

Now, ݔ ൌ ܽ௡ for some ݊ since ܩ ൌ  .ۧܽۦ
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∴ ݔ ൌ ݂ሺܽ௡ሻ ൌ ሾ݂ሺܽሻሿ௡ ∈ .ܪ
∴ ݂ሺܩሻ ⊆ .ܪ  

Now, let ݔ ∈ ݔ Then .ܪ ൌ ሾ݂ሺܽሻሿ௡ for some ݊. 

∴ ݔ ൌ ݂ሺܽ௡ሻ. Hence ݔ ∈ ݂ሺܩሻ.
∴ ܪ ⊆ ݂ሺܩሻ. Hence ݂ሺܩሻ ൌ  .ܪ
Since ܪ is a proper subgroup of ܩ, ݂ is not onto which is a contradiction. Hence ݂ሺܽሻ is a 

generator of ܩ. 

Conversely let ݂: ܩ → ሻݕݔbe a mapping such that ݂ሺ ܩ ൌ ݂ሺݔሻ݂ሺݕሻ and let ݂ሺܽሻ be a 

generator of ܩ. We shall prove that ݂ is an automorphism. 

It is enough if we prove that ݂ is 1 െ 1 and onto. 

Let ݔ ∈ ݔ ,ܩ Since ݂ሺܽሻ is a generator of .ܩ ൌ ሾ݂ሺܽሻሿ௡ for some ݊. 

Clearly ݂ሺܽ௡ሻ ൌ ሾ݂ሺܽሻሿ௡ ൌ  .has a preimage ܽ௡ under ݂. Hence ݂ is onto ݔ Thus .ݔ

Now, to prove ݂ is 1 െ 1. 

Case (i) ܩ is finite. 

Since any function from a finite set onto itself is necessarily 1 െ 1, ݂ is 1 െ 1. 

Case (ii) ܩ is infinite. 

Let ݔ, ݕ ∈ ݔ and let ܩ ൌ ܽ௡, ݕ ൌ ܽ௠ and ݊ ൒ ݉. 

Now, 

݂ሺݔሻ ൌ ݂ሺݕሻ⇒ ݂ሺܽ௡ሻ ൌ ݂ሺܽ௠ሻ
⇒ ሾ݂ሺܽሻሿ௡ ൌ ሾ݂ሺܽሻሿ௠
⇒ ሾ݂ሺܽሻሿ௡ି௠ ൌ ݁
⇒ ݊ െ݉ ൌ 0

 

(since ݂ሺܽሻ is an element of finite order) 

⇒ ݊ ൌ ݉
⇒ ܽ௡ ൌ ܽ௠
⇒ ݔ ൌ ݕ

 

Hence ݂ is 1 െ 1. Thus ݂ is an automorphism. 

Note. Let ܩ be a cyclic group generated by ܽ. Then any automorphism ݂: ܩ →  is ܩ

completely determined by the image ݂ሺܽሻ of the generator. For example if ݔ ∈  is any ܩ

element then ݔ ൌ ܽ௡ for some integer ݊ and hence ݂ሺݔሻ ൌ ݂ሺܽ௡ሻ ൌ ሾ݂ሺܽሻሿ௡. 

 

Example. Consider ሺ܈ସ,⊕ሻ. Here 1 is a generator of this cyclic group. 

If ݂ሺ1ሻ ൌ 3, then 
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݂ሺ2ሻ ൌ ݂ሺ1⊕ 1ሻ ൌ ݂ሺ1ሻ⊕ ݂ሺ1ሻ ൌ 3⊕ 3 ൌ 2
݂ሺ3ሻ ൌ ݂ሺ2⊕ 1ሻ ൌ ݂ሺ2ሻ⊕ ݂ሺ1ሻ ൌ 2⊕ 3 ൌ 1 and 
݂ሺ0ሻ ൌ ݂ሺ3⊕ 1ሻ ൌ ݂ሺ3ሻ⊕ ݂ሺ1ሻ ൌ 1⊕ 3 ൌ 0

 

Theorem 3.54. The number of automorphisms of a cyclic group of order ݊ is ߶ሺ݊ሻ. 
Proof. Let ܩ be a cyclic group of order ݊. Let ܽ ∈ :݂ be a generator. If ܥ ܩ →  is an ܩ

automorphism then ݂ is completely determined by specifying the image of ܽ. The only 

possible images of ܽ are any one of the generators of ܩ. Hence the number of 

automorphisms is equal to the number of generators of ܩ. But the number of generators of 

a cyclic group of order ݊ is ߶ሺ݊ሻ. (by corollary 3 of Theorem 3.28). Hence the number of 

automorphisms of a cyclic group of order ݊ is ߶ሺ݊ሻ. 
 

Solved problems  

Problem 1. Construct the group of automorphisms of ሺ܈ସ,⊕ሻ. 
Solution. 1 and 3 are the only 2 generators of ܼସ. Hence there are only 2 automorphisms of 

૝, say ݂ and ݃. They are given by ݂ሺ1ሻ܈ ൌ 1 and ݃ሺ1ሻ ൌ 3. 

Hence Aut ܩ ൌ ሼ݂, ݃ሽ ≅  .ଶ܈

Problem 2. Construct the group of automorphisms of ( ܈,൅ ). 

Solution. 1 and -1 are the only 2 generators of Z . Hence there are only 2 automorphisms 

of ܈ say ݂ and ݃. They are given by ݂ሺ1ሻ ൌ 1 and ݃ሺ1ሻ ൌ െ1. ݂ሺ1ሻ ൌ 1 gives the identity 

automorphism. ݃ሺ1ሻ ൌ െ1 determines the automorphism given by ݃ሺݔሻ ൌ െݔ. 

Hence Aut ܈ ൌ ሼ݂, ݃ሽ ≅  .ଶ܈
Problem 3. Let ܩ be a finite abelian group of order ݊ and let ݉ be a positive integer 

relatively prime ݊. Then ݂: ܩ → ሻݔdefined by ݂ሺ ܩ ൌ  .ܩ ௠ is an automorphism ofݔ

Solution. Since ݉ and ݊ are relatively prime, there exist integers ݑ and ݒ such that 

ݑ݉ ൅ ݒ݊ ൌ 1. 

Now, let ݔ ∈  .ܩ

Then ݔ ൌ ௠௨ା௡௩ݔ ൌ ௡௩ݔ௠௨ݔ ൌ ௠௨݁ݔ ൌ  .௠௨ݔ

Hence ݔ ൌ  .௠௨ݔ

Now, 

݂ሺݔሻ ൌ ݂ሺݕሻ⇒ ௠ݔ ൌ ௠ݕ
⇒ ௠௨ݔ ൌ ௠௨ݕ
⇒ ݔ ൌ ݕ
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Hence ݂ is 1 െ 1. 

Also ݂ሺݔ௨ሻ ൌ ௠௨ݔ ൌ  .ݔ

∴ Every element ݔ has pre-image ݔ௨ under ݂. 

Hence ݂ is onto. 

Also f(xy)=(xy)m=xmym=f(x)f(y) 

Hence ݂ is an isomorphism. 

Problem 4. Show that Aut ଼܈ ≅  .ସ܄

Solution. The generators of ଼܈ are 1,3,5,7. The four different automorphisms of ଼܈ are 

ଵ݂, ଶ݂, ଷ݂, ସ݂ given by ଵ݂ሺ1ሻ ൌ 1; ଶ݂ሺ1ሻ ൌ 3; ଷ݂ሺ1ሻ ൌ 5; ସ݂ሺ1ሻ ൌ 7. 

We shall now compute ଶ݂ ∘ ଷ݂. 

ሺ ଶ݂ ∘ ଷ݂ሻሺ1ሻ ൌ ଶ݂ሺ ଷ݂ሺ1ሻሻ ൌ ଶ݂ሺ5ሻ 
ൌ ଶ݂ሺ1⊕ 1⊕ 1⊕ 1⊕ 1ሻ
ൌ ଶ݂ሺ1ሻ ⊕ ଶ݂ሺ1ሻ ⊕ ଶ݂ሺ1ሻ ⊕ ଶ݂ሺ1ሻ ⊕ ଶ݂ሺ1ሻ
ൌ 3⊕ 3⊕3⊕ 3⊕ 3
ൌ 7 ൌ ସ݂ሺ1ሻ

 

Thus ଶ݂ ∘ ଷ݂ ൌ ସ݂. 

Similarly we can find ௜݂ ∘ ௝݂; ݅, ݆ ൌ 1,2,3,4. The Cayley table of Aut ଼܈ is 

∘ ଵ݂ ଶ݂ ଷ݂ ସ݂ 

ଵ݂ ଵ݂ ଶ݂ ଷ݂ ସ݂ 

ଶ݂ ଶ݂ ଵ݂ ସ݂ ଷ݂ 

ଷ݂ ଷ݂ ସ݂ ଵ݂ ଶ݂ 

ସ݂ ସ݂ ଷ݂ ଶ݂ ଵ݂ 

 

Clearly Aut Z଼ ≅ ସܸ. 

Exercises 

1. Compute the group of automorphisms of ሺ܈ଵଶ,⊕ሻ and show that Aut ܈ଵଶ ≅ Aut ଼܈. 

2. Show that in a group ܩ every inner automorphism is identity iff ܩ is abelian. 

3. Prove that a subgroup ܪ of ܩ is a normal subgroup iff ߶௔ሺܪሻ ൌ  for every inner ܪ

automorphism ߶௔ᇱ . 
4. Represent ܈ସ and ସܸ as groups of permutations. 
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3.11. Homomorphisms 

Example. Let ݊ be any given positive integer. 

Let ݔ ∈ ݔ and ܈ ൌ ݊ݍ ൅ where 0 ,ݎ ൑ ݎ ൏ ݊. 

We define ݂ሺݔሻ ൌ  .ݎ

݂ is a mapping from ሺ܈,൅ሻ to ሺ܈௡,⊕ሻ. 
We claim that ݂ሺܽ ൅ ܾሻ ൌ ݂ሺܽሻ ⊕ ݂ሺܾሻ for all ܽ, ܾ ∈  .܈

Let ܽ ൌ ଵ݊ݍ ൅ ,ଵݎ 0 ൑ ଵݎ ൏ ݊ so that ݂ሺܽሻ ൌ  ଵݎ
and ܾ ൌ ଶ݊ݍ ൅ ,ଶݎ 0 ൑ ଶݎ ൏ ݊ so that ݂ሺܽሻ ൌ  .ଶݎ
Let ݎଵ ൅ ଶݎ ൌ ଷ݊ݍ ൅ ,ଷݎ 0 ൑ ଷݎ ൏ ݊ so that ݎଵ⊕ݎଶ ൌ  .ଷݎ
∴ 	ܽ ൅ ܾ ൌ ሺݍଵ ൅ ଶݍ ൅ ଷሻ݊ݍ ൅  .ଷݎ
∴ 	݂ሺܽ ൅ ܾሻ ൌ  .ଷݎ
Also ݂ሺܽሻ ⊕ ݂ሺܾሻ ൌ ଶݎ⊕ଵݎ ൌ  .ଷݎ
∴ ݂ሺܽ ൅ ܾሻ ൌ ݂ሺܽሻ ⊕ ݂ሺܾሻ. 
Note that ݂ is not an isomorphism since ݂ is not 1 െ 1. 
 

Definition. A map ݂ from a group ܩ into a group ܩᇱ is called a homomorphism if ݂ሺܾܽሻ ൌ
݂ሺܽሻ݂ሺܾሻ for all ܽ, ܾ ∈  .ܩ

Obviously, every isomorphism is a homorphism and a bijective homomorphism is an 

isomorphism. 

Examples 

1. ݂: ሺZ,൅ሻ → ሺZ, ൅ሻ defined by ݂ሺݔሻ ൌ   .is a homomorphism ݔ2

For, ݂ሺݔ ൅ ሻݕ ൌ 2ሺݔ ൅ ሻݕ ൌ ݔ2 ൅ ݕ2 ൌ ݂ሺݔሻ ൅ ݂ሺݕሻ. 
Note that ݂ is 1 െ 1. 

2. ݂: ሺ܀∗,⋅ሻ → ሺ܀ା,⋅ሻ defined by ݂ሺݔሻ ൌ  .is a homomorphism |ݔ|

For, ݂ሺݕݔሻ ൌ |ݕݔ| ൌ |ݕ||ݔ| ൌ ݂ሺݔሻ݂ሺݕሻ. 
This homorphism is onto. 

3. ݂: ܩ → ᇱ defined by ݂ሺܽሻܩ ൌ ݁ᇱ, where ݁ᇱ is the identity in ܩᇱ is a trivial 

homomorphism. 

For, ݂ሺܾܽሻ ൌ ݁ᇱ ൌ ݁ᇱ݁ᇱ ൌ ݂ሺܽሻ݂ሺܾሻ. 



 
 
 

Manonmaniam	Sundaranar	Universiy,	Directorate	&	Continuing	Education, Tirunelveli		 	76	
 

4. ݂: ሺ܈,൅ሻ → ሺ۱∗,⋅ሻ given by ݂ሺ݊ሻ ൌ ݅௡ is a homomorphism. 

For, ݂ሺ݉ ൅ ݊ሻ ൌ ݅௠ା௠ ൌ ݅௡݅௠ ൌ ݂ሺ݊ሻ݂ሺ݉ሻ. 
Note that ݂ is neither 1 െ 1 nor onto. 

5. ݂: ሺ܀ ൈ ൅ሻ,܀ → ሺ܀,൅ሻ given by ݂ሺݔ, ሻݕ ൌ  .is a homomorphism ݔ

6.  Let ܩ be a group and ܰ a normal subgroup of ܩ.݂: ܩ → given by ݂ሺܽሻ ܰ/ܩ ൌ ܰܽ is 

a homomorphism. 

For, ݂ሺܾܽሻ ൌ ܾܰܽ ൌ ܾܰܽܰ ൌ ݂ሺܽሻ݂ሺܾሻ. ݂ is called the canonical homomorphism from 

 .Note that ݂ is onto .ܰ/ܩ to ܩ

Definition. Let ݂: ܩ →  .ᇱ be a homomorphismܩ

(i) If ݂ is onto, then it is called an epimorphism. 

(ii) If ݂ is 1 െ 1, then it is called a monomorphism. 

Note. If ݂: ܩ →  .ܩ ᇱ is called a homomorphic image ofܩ ᇱ is an epimorphism thenܩ

A homomorphism of a group to itself is called an endomorphism. 

Theorem 3.55. Let ݂: ܩ →  ᇱ be a homomorphism. Thenܩ

(i) ݂ሺ݁ሻ ൌ ݁ᇱ. 
(ii) ݂ሺܽିଵሻ ൌ ሾ݂ሺܽሻሿିଵ. 

(iii) If ܪ is a subgroup of ܩ then ݂ሺܪሻ is a subgroup of ܩᇱ. 
(iv) If ܪ is normal in ܩ, then ݂ሺܪሻ is normal in ݂ሺܩሻ. 
(v) If ܪᇱ is a subgroup of ܩᇱ, then ݂ିଵሺܪᇱሻ is a subgroup of ܩ. 

(vi) If ܪᇱ is normal in ݂ሺܩሻ then ݂ିଵሺܪᇱሻ is normal in ܩ. 

Proof. 

(i) Let ܽ ∈  .ܩ

Then ݂ሺܽሻ ൌ ݂ሺܽ݁ሻ ൌ ݂ሺܽሻ݂ሺ݁ሻ. 
Hence ݂ሺ݁ሻ ൌ ݁ᇱ. 
(ii) ݂ሺܽሻ݂ሺܽିଵሻ ൌ ݂ሺ݁ሻ ൌ ݁ᇱ. 
Hence ݂ሺܽିଵሻ ൌ ሾ݂ሺܽሻሿିଵ. 

(iii) Let ܪ be a subgroup of ܩ. 

Since ܪ is non-empty, ݂ሺܪሻ is also no. empty. 

Now, let ݔ, ݕ ∈ ݂ሺܪሻ. 
Then ݔ ൌ ݂ሺܽሻ and ݕ ൌ ݂ሺܾሻ where ܽ, ܾ ∈  .ܪ
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∴ ଵൌିݕݔ ݂ሺܽሻሾ݂ሺܾሻሿିଵ
ൌ ݂ሺܽሻ݂ሺܾିଵሻ ൌ ݂ሺܾܽିଵሻ. 

Now, since ܪ is a subgroup of ܩ, ܾܽିଵ ∈  .ܪ

∴ ଵିݕݔ	 ൌ ݂ሺܾܽିଵሻ ∈ ݂ሺܪሻ. 
∴ 	݂ሺܪሻ is a subgroup of ܩᇱ. 
(iv) Let ܪ be normal in ܩ. Let ݔ ∈ ݂ሺܪሻ and ݕ ∈ ݂ሺܩሻ. 
We claim that ିݕݔݕଵ ∈ ݂ሺܪሻ. 
Now, ݔ ൌ ݂ሺܽሻ and ݕ ൌ ݂ሺܾሻ where ܽ ∈ ܾ and ܪ ∈  .ܩ

Since ܪ is normal in ܩ, ܾܾܽିଵ ∈  .ܪ

∴ 	݂ሺܾܾܽିଵሻ ∈ ݂ሺܪሻ. 
∴ 	݂ሺܾሻ݂ሺܽሻ݂ሺܾିଵሻ ∈ ݂ሺܪሻ. 
∴ ଵିݕݔݕ	 ∈ ݂ሺܪሻ. Hence ݂ሺܪሻ is normal in ݂ሺܩሻ. 
(v) Since ݂ሺ݁ሻ ൌ ݁ᇱ ∈ ;ᇱܪ ݁ ∈ ݂ିଵሺܪᇱሻ and hence ݂ିଵሺܪᇱሻ ് Φ. 

Now, let ܽ, ܾ ∈ ݂ିଵሺܪᇱሻ. 
Then ݂ሺܽሻ, ݂ሺܾሻ ∈  .ᇱܪ
ሼ݂ሺܽሻሾ݂ሺܾሻሿିଵ ∈ ᇱܪ �	
݂ሺܾܽିଵሻ ∈  ᇱܪ
ሺieሻ, ܾܽିଵ ∈ ݂ିଵሺܪᇱሻ. 
Hence ݂ିଵሺܪᇱሻ is a subgroup of ܩ. 

(vi) Let ݔ ∈ ݂ିଵሺܪᇱሻ and ܽ ∈  .ܩ

Then ݂ሺݔሻ ∈ ᇱ and ݂ሺܽሻܪ ∈ ݂ሺܩሻ. 
Since ܪᇱ is normal in ݂ሺܩሻ,݂ሺܽሻ݂ሺݔሻሾ݂ሺܽሻሿିଵ ∈  .ᇱܪ
∴ 	݂ሺܽିܽݔଵሻ ∈  .ᇱܪ
Hence ܽିܽݔଵ ∈ ݂ିଵሺܪᇱሻ. 
Thus ݂ିଵሺܪᇱሻ is normal in ܩ. 
Examples 

1. Consider the homomorphism ݂: ሺ܈, ൅ሻ → ሺ܈௡,⊕ሻ which is given in the beginning of 

this section. 

Let ܭ ൌ ሼݔ/ݔ ∈ ,܈ ݂ሺݔሻ ൌ 0ሽ. 
Clearly ܭ ൌ  .܈ which is a normal subgroup of ܈݊
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2. Consider the homomorphism 

݂: ሺ܀∗,⋅ሻ → ሺ܀ା,⋅ሻ which is given by ݂ሺݔሻ ൌ  .|ݔ|
Let ܭ ൌ ሼݔ/ݔ ∈ ,∗܀ ݂ሺݔሻ ൌ 1ሽ. 
Clearly ܭ ൌ ሼ1,െ1ሽ which is a normal subgroup of ሺ܀∗, : ሻ. 
Definition. Let  f : G →	G'  be a homomorphism. Let  K = {x/x ϵ G, f(x) = e'} . Then  K  is 

called the kernel of  f  and is denoted by  ker f . 

Theorem 3.56. Let  f : G → G'  be a homomorphism. Then the kernel  K  of  f  is a normal 

subgroup of  G . 

Proof. Since  f(e) = e', e ϵ K  and hence  K ≠ Ф . 

 

Now, let  x, y ϵ K . Then  f(x) = e' = f(y) . 

	݂ሺିݕݔଵሻ 	ൌ 	݂ሺݔሻ݂ሺିݕଵሻ 	ൌ 	݂ሺݔሻሾ݂ሺݕሻሿିଵ 	ൌ 	݁ᇱሺ݁ᇱሻିଵ 		 ൌ 	݁′	.	
Thus  ିݕݔଵ ∈  . Hence  K  is a subgroup of  G . ܭ	

Now, let  xϵ K  and  a ϵ G . 

Then 

	݂ሺܽିܽݔଵሻ ൌ 	݂ሺܽሻ݂ሺݔሻ݂ሺܽିଵሻ ൌ 	݂ሺܽሻ݁ᇱሾ݂ሺܽሻሿିଵ ൌ ݂ሺܽሻሾ݂ሺܽሻሿିଵ ൌ ݁′	.	
Therefore  ܽିܽݔଵ ∈  . Hence  K  is a normal subgroup of  G .	ܭ	

Theorem 3.57. (Fundamental theorem of homomorphism)  

Let f : G → G' be an epimorphism. Let K be the kernel of f. Then G/K ≅ G'. 

Proof. Define ߶: G/K → G' by ߶ (Ka) = f(a). 

Step (i) ߶ is well defined. 

Let Kb = Ka. Then b ϵ Ka. 

Hence b = ka where k ϵ K. 

Now, f(b) = f(ka) = f(k)f(a)= e'f(a) = f(a). 

Therefore ߶ (Kb) = f(b) = f(a) = ߶ (Ka). 

Hence ߶ (Ka) = ߶ (Kb). 

Step (ii) ߶  is 1-1. 

For ߶ (Ka) =	߶ (Kb)	⟹ f(a) = f(b)⟹ ݂ሺܽሻሾ݂ሺܾሻሿିଵ 	ൌ 	݁′⟹ f(ab-1}) = e'.⟹ ab-1 ϵ K. 

⟹a ϵ Kb⟹ Ka = Kb. 

Step (iii)	߶ is onto. 

Let a' ϵ G'. Since f is onto, there exists a ϵ G such that f(a) = a'. 
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Hence ߶ (Ka) = f(a) = a'. 

Step (iv) ߶ is a homomorphism. 

߶ (KaKb) =	߶ (Kab) = f(ab) = f(a)f(b)=	߶ (Ka) ߶ (Kb). 

Thus ߶ is an isomorphism from G/K onto G'. 

Therefore G/K ≅ G'. 

Solved problems 

Problem 1. Let ݂:ܩ → ᇱ be a homomorphism. Then ݂ is 1ܩ െ 1 iff ker ݂ ൌ ݁. 

Solution. Obviously ݂ is 1 െ 1 ⇒ ker݂ ൌ ሼ݁ሽ. 
Conversely, let ker݂ ൌ ሼ݁ሽ. 
We prove ݂ is 1 െ 1. 

݂ሺݔሻ ൌ ݂ሺݕሻ⇒ ݂ሺݔሻሾ݂ሺݕሻሿିଵ ൌ ݁ᇱ
⇒ ݂ሺିݕݔଵሻ ൌ ݁ᇱ
⇒ ଵିݕݔ ∈  ker ݂
⇒ ଵିݕݔ ൌ ݁.
⇒ ݔ ൌ .ݕ

 

Hence ݂ is 1 െ 1. 

Problem 2. Let ܩ be any group and ܪ be the centre of ܩ. Then ܪ/ܩ ≅  ሻ, the group ofܩሺܫ

inner automorphisms of ܩ.  

Solution. Consider ݂:ܩ → ሻ defined by ݂ሺܽሻܩሺܫ ൌ ߶௔. 

Then ݂ሺܾܽሻ ൌ ߶௔௕ ൌ ߶௔ ∘ ߶௕ ൌ ݂ሺܽሻ݂ሺܾሻ. 
Hence ݂ is a homomorphism. 

Clearly f is onto. 

we claim that ker݂ ൌ  .ܪ
ܽ ∈ ker݂ ⇔ ݂ሺܽሻ ൌ ߶௘ .⇔ ߶௔ ൌ ߶௘ ⇔ ߶௔ሺݔሻ ൌ ݔ for all ݔ ∈  ܩ

                                        	⇔ ଵିܽݔܽ ൌ ݔ for all ݔ ∈  ܩ

                                         ⇔ ݔܽ ൌ ݔ for all ܽݔ ∈  ܩ

                                      			⇔ ܽ ∈  .ܪ
Hence ker݂ ൌ  .ܪ

∴ By the fundamental theorem of homomorphism ܪ/ܩ ≅  .ሻܩሺܫ
Problem 3. Show that ܀∗/ሼ1, െ1ሽ ≅  .ା܀

Solution. Consider ݂:܀∗ → ሻݔାdefined by ݂ሺ܀ ൌ  .|ݔ|
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Clearly ݂ is an epimorphism and ker݂ ൌ ሼ1,െ1ሽ. 
Hence by the fundamental theorem of homomorphism ܀∗/ሼ1, െ1ሽ ≅  .ା܀

Problem 4. Any homomorphic image of a cyclic group is cyclic. 

Solution. Let ܩ be a cyclic group and ݂;ܩ →  ᇱ be an epimorphism. Let ܽ be a generatorܩ

of ܩ. Then ݂ሺܽሻ is a generator of ܩᇱ. (by theorem 3.48). 

Hence ܩᇱ is cyclic. 

Problem 5. Show that the map ݂: ሺ۱, ൅ሻ → ሺ܀, ൅ሻ defined by ݂ሺݔ ൅ ሻݕ݅ ൌ  is an ݕ

epimorphism and ker݂ ൌ ܀/Deduce that ۱ .܀ ≅  .܀

Solution. Let ݖଵ ൌ ଵݔ ൅ ଶݖ ଵ andݕ݅ ൌ ଶݔ ൅  .ଶݕ݅

Then ݖଵ ൅ ଶݖ ൌ ሺݔଵ ൅ ଶሻݔ ൅ ݅ሺݕଵ ൅  .ଶሻݕ
∴ ݂ሺݖଵ ൅ ଶሻݖ ൌ ଵݕ ൅ ଶݕ ൌ ݂ሺݖଵሻ ൅ ݂ሺݖଶሻ. 
Hence ݂ is a homomorphism. Clearly ݂ is onto. 

Now, 	ker݂ ൌ ሼݔ ൅ ݔሺ݂/ݕ݅ ൅ ሻݕ݅ ൌ 0ሽ=ൌ ሼݔ ൅ ݕ/ݕ݅ ൌ 0ሽ=R. 

By the fundamental theorem of homomorphism ۱/܀ ≅  .܀

 

Exercises 

1. Determine which of the following maps are homomorphism. If it is a homomorphism, 

find the kernel. 

(a)  ݂: ሺ܈, ൅ሻ → ሺ1, െ1ሻ given by ݂ሺ݊ሻ ൌ ቊ1  if ݊ is even 

െ1  if ݊ is odd 
� 

(b) ݂:܀∗ → ሻݔgiven by ݂ሺ ∗܀ ൌ ቊ1  if ݔ ൐ 0
െ1  if ݔ ൏ 0� 

(c) ݂: ሺ܀ ൈ ,܀ ൅ሻ → ሺ܀, ൅ሻ given by ݂ሺݔ, ሻݕ ൌ  .ݕ

(d) ݂: ሺ܈, ൅ሻ → ሺ܀∗,⋅ሻ given by ݂ሺݔሻ ൌ 3௫. 

(e) ݂: ܵ௡ → ሺ1,െ1ሻ given by݂ሺ݌ሻ ൌ ቊ 1  if ݌ is an even permutation 

െ1  if ݌ is an odd permutation. 
�	

(f) ݂:܀ → ۱ given by ݂ሺݔሻ ൌ ݁௜௫. 

(g) ݂: ሺ܈, ൅ሻ → ሺ܈, ൅ሻ given by ݂ሺ݊ሻ ൌ 2݊. 

(h) ݂:܀∗ → ሻݔgiven by ݂ሺ ∗܀ ൌ െݔ. 

(i) ݂:܈૟ → ሻݔଶ given by ݂ሺ܈ ൌ remainder of ݔ when ݔ is divided by 2 . 
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(j) ݂:۱∗ → ሻݖgiven by ݂ሺ ∗܀ ൌ  .|ݖ|
(k) ݂: ሺ܀, ൅ሻ → ሺ܀, ൅ሻ given by ݂ሺݔሻ ൌ ݔ ൅ 2. 

2.  Determine which of the following statements are true and which are false. 

(a) Any isomorphism is a homomorphism. 

(b) Any homomorphism is an isomorphism. 

(c) An infinite group cannot be homomorphic to a finite group. 

(d) Homomorphism pri res the order of an element. 

(e) Any homomorphism ݂ is a monomorphism iff ݂݇݁ݎ is ሼ݁ሽ. 
Answers. 

1. (a) Yes. ker݂ ൌ 2Z. 

(b) Yes. ker݂ ൌ  .ା܀

(c) Yes. ker݂ ൌ ܀ ൈ ሼ0ሽ. 
(d) Yes. ker݂ ൌ ሼ0ሽ. 
(e) Yes. ker݂ ൌ  .௡ܣ

(f) No 

(g) Yes. ker ݂ ൌ ሼ0ሽ. 
(h) No 

(i) Yes. ker ݂ ൌ ሼ0,2,4ሽ. 
(j) Yes. ker ݂ ൌ ሼݖ/ݖ ∈ ۱ and |ݖ| ൌ 1ሽ. 
(k) No. 

2. (a) T (b) F (c) F  (d) F  (e) T . 
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UNIT IV 

 

Rings 

 

4.1. Definition and examples  

Definition. A nonempty set ܴ together with two binary operations denoted by " + " and "." 

and called addition and multiplication which satisfy the following axioms is called a ring. 

(i) ሺܴ, ൅ሻ is an abelian group. 

(ii) ". " is an associative binary operation on ܴ. 

(iii) ܽ ⋅ ሺܾ ൅ ܿሻ ൌ ܽ ⋅ ܾ ൅ ܽ ⋅ ܿ and ሺܽ ൅ ܾሻ ⋅ ܿ ൌ ܽ ⋅ ܿ ൅ ܾ ⋅ ܿ for all ܽ, ܾ, ܿ, ∈ ܴ. 

Notation. The unique identity of the additive group ( ܴ, ൅ ) is denoted by 0 and is called 

the zero element of the ring and the unique additive inverse of ܽ is denoted by െܽ. 

Examples 

,܈ ) .1 ൅,⋅ ); ( ۿ, ൅,⋅ ); ( ܀, ൅,⋅ ); ( ۱, ൅,.) are all rings. 

2. ( 2Z, ൅, ) is a ring. 

3. Let ܴ ൌ ሼܽ ൅ ܾ√2/ܽ, ܾ ∈  .ሽ܈
Clearly ܴ is an abelian group under usual addition. 

Let ܽ ൅ ܾ√2 and ܿ ൅ ݀√2 ∈ ܴ. Then 

ሺܽ ൅ ܾ√2ሻሺܿ ൅ ݀√2ሻ ൌ ሺܽܿ ൅ 2ܾ݀ሻ ൅ ሺܾܿ ൅ ܽ݀ሻ√2 ∈ ܴ 

Since the two binary operations are the usual addition and multiplication, the distributive 

laws and the associative law hold. 

Thus ܴ is a ring with usual addition and multiplication. 

4.  Let ܴ ൌ ሼܽ ൅ ܾ݅/ܽ, ܾ ∈  .ሽ. Then ܴ is a ring under usual addition and multiplication܈

This ring is called the ring of Gaussian integers. In general, any subset of complex 

numbers which is a group under addition and is closed for multiplication is a ring. 

5.  ሼ0ሽ with binary operations ' + ' and ' ⋅ ' defined as 0 ൅ 0 ൌ 0 and 0.0 ൌ 0 is a ring. 

This is called the null ring. 

6. In ܀ ൈ ,we define ሺܽ ܀ ܾሻ ൅ ሺܿ, ݀ሻ ൌ ሺܽ ൅ ܿ, ܾ ൅ ݀ሻ and ሺܽ, ܾሻ ⋅ ሺܿ, ݀ሻ ൌ ሺܽܿ, ܾ݀ሻ. 
Here ( ܀ ൈ ,܀ ൅ ) is an abelian group. The identity is ሺ0,0ሻ and the inverse of ሺܽ, ܾሻ is 

ሺെܽ, െܾሻ. 
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ሺܽ, bሻሾሺc, dሻ ൅ ሺe, fሻሿൌ ሺܽ, ܾሻሺܿ ൅ ݁, ݀ ൅ ݂ሻ
ൌ ሺܽܿ ൅ ܽ݁, ܾ݀ ൅ ܾ݂ሻ
ൌ ሺܽܿ, ܾ݀ሻ ൅ ሺܽ݁, ܾ݂ሻ
ൌ ሺܽ, ܾሻሺܿ, ݀ሻ ൅ ሺܽ, ܾሻሺ݁, ݂ሻ

 

Similarly, ሾሺܽ, ܾሻ ൅ ሺܿ, ݀ሻሿሺ݁, ݂ሻ ൌ ሺܽ, ܾሻሺ݁, ݂ሻ ൅ ሺܿ, ݀ሻሺ݁, ݂ሻ. 
Hence ( ܀ ൈ  .൅,⋅ ) is a ring,܀

7. Let ሺܴ,൅ሻ be any abelian group with identity 0. 

We define multiplication in ܴ by ܾܽ ൌ 0 for all ܽ, ܾ ∈ ܴ. Clearly ܽሺܾܿሻ ൌ 0 ൌ ሺܾܽሻܿ so 

that multiplication is associative. 

Also ܽሺܾ ൅ ܿሻ ൌ 0 ൌ ܾܽ ൅ ܽܿ and ሺܽ ൅ ܾሻܿ ൌ 0 ൌ ܽܿ ൅ ܾܿ. 
Hence ܴ is a ring under these operations. This ring is called the zero ring. 

This example shows that any abelian group with identity 0 can be made into a ring by 

defining ܾܽ ൌ 0. 

8. ሺ܈௡,⊕,⊙ሻ is a ring, for, we know that ሺ܈௡,⊕ሻ is an abelian group and ⊙ is an 

associative binary operation. 

We now prove the distributive laws. 

Let ܽ, ܾ, ܿ ∈  .௡܈

Then ܾ ⊕ ܿ ≡ ሺܾ ൅ ܿሻሺmod݊ሻ. 
Hence ܽ ⊙ ሺܾ ⊕ ܿሻ ≡ ܽሺܾ ൅ ܿሻሺmod݊ሻ. 
Also ܽ ⊙ ܾ ≡ ܾܽሺmod	݊ሻ and ܽ ⊙ ܿ ≡ ܽܿሺmod	݊ሻ so that 

ሺܽ ⊙ ܾሻ⊕ ሺܽ ⊙ ܾሻ ≡ ሺܾܽ ൅ ܽܿሻሺmod	݊ሻ. 
Since ܽ ⊙ ሺܾ ⊕ ܿሻ and ሺܽ ⊙ ܾሻ ⊕ ሺܽ ⊙ ܿሻ ∈ ܽ ௡, we have܈ ⊙ ሺܾ ⊕ ܿሻ ൌ ሺܽ ⊙ ܾሻ⊕
ሺܽ ⊙ ܿሻ. 
Similarly ሺܽ ⊕ ܾሻ⊙ ܿ ൌ ሺܽ ⊙ ܿሻ⊕ ሺܾ ⊙ ܿሻ. 
Hence ሺ܈௡,⊕,⊙ሻ is a ring. 

9. ሺ℘ሺܵሻ, Δ,∩ሻ is a ring. We know that ሺ℘ሺܵሻ, Δሻ is an abelian group (refer example 12 of 

section 3.1). 

Also ∩ is an associative binary operation on ℘ሺܵሻ. 
It can easily be verified that ܣ ∩ ሺܤΔܥሻ ൌ ሺܣ ∩ ܣሻΔሺܤ ∩   ሻ andܥ

ሺܣΔܤሻ ∩ ܥ ൌ ሺܣ ∩ ܤሻΔሺܥ ∩  .ሻܥ
Hence ሺ℘ሺܵሻ, Δ,∩ሻ is a ring. 

 .ଶሺRሻ under matrix addition and multiplication is a ringܯ .10
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11. Let ܴ be the set of all real functions. We define addition and multiplication by 

ሺ݂ ൅ ݃ሻሺݔ ൌ ݂ሺݔሻ ൅ ݃ሺݔሻ and 

ሺ݂݃ሻሺݔሻ ൌ ݂ሺݔሻ݃ሺݔሻ. 
Then ܴ is a ring. 

Clearly addition of functions is associative and commutative, 

The constant function ૙ defined by ૙ሺݔሻ ൌ 0 is the zero element of ܴ and െ݂ is the 

additive inverse of ݂. 

Hence ܴ is an abelian group. 

The associativity of multiplication and the distributive laws are consequences of the 

corresponding properties in ܀. Hence ܴ is ring. 

Example. Let ܣ be any abelian group. Let Hom ሺܣሻ be the set of all endomorphisms of ܣ. 

Let ݂, ݃ ∈ Homሺܣሻ. We define 

݂ ൅ ݃ by ሺ݂ ൅ ݃ሻሺݔሻ ൌ ݂ሺݔሻ ൅ ݃ሺݔሻ and ݂݃ ൌ ݂ ∘ ݃. Then Hom ሺܣሻ is a ring. 

Proof. Let ݂, ݃ ∈ Homሺܣሻ. 
Then	ሺ݂ ൅ ݃ሻሺݔ ൅ ሻൌݕ ݂ሺݔ ൅ ሻݕ ൅ ݃ሺݔ ൅ ሻݕ

ൌ ݂ሺݔሻ ൅ ݂ሺݕሻ ൅ ݃ሺݔሻ ൅ ݃ሺݕሻሻ
ൌ ݂ሺݔሻ ൅ ݃ሺݔሻ ൅ ݂ሺݕሻ ൅ ݃ሺݕሻ
ൌ ሺ݂ ൅ ݃ሻሺݔሻ ൅ ሺ݂ ൅ ݃ሻሺݕሻ.

 

Hence ݂ ൅ ݃ ∈ Homሺܣሻ. 
Obviously + is associative. 

Since ܣ is an abelian group ݂ ൅ ݃ ൌ ݃ ൅ ݂. 

If 0 is the identity element of the group ܣ then the homomorphism ૙ defined by ૙ሺܽሻ ൌ 0 

for all ܽ ∈  .ሻܣis the zero element of Homሺ ܣ
Now, let ݂ ∈ Homሺܣሻ. The function െ݂ defined by ሺെ݂ሻሺݔሻ ൌ െሾ݂ሺݔሻሿ is also a 

homomorphism, since 

ሺെ݂ሻሺݔ ൅ ሻൌݕ െሾ݂ሺݔ ൅ ሻሿݕ
ൌ െሾ݂ሺݔሻ ൅ ݂ሺݕሻሿ
ൌ ሺെ݂ሻሺݔሻ ൅ ሺെ݂ሻሺݕሻ

 

Clearly ݂ ൅ ሺെ݂ሻ ൌ 0 and hence െ݂ is the additive inverse of ݂. 

Thus Hom ሺܣሻ is an abelian group. 
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ሺ݂	ݓ݋ܰ ∘ gሻሺx ൅ yሻൌ ݂ሾ݃ሺݔ ൅ ሻሿݕ
ൌ ݂ሾ݃ሺݔሻ ൅ ݃ሺݕሻሿ
ൌ ݂ሾ݃ሺݔሻሿ ൅ ݂ሾ݃ሺݕሻሿ
ൌ ሺ݂ ∘ ݃ሻሺݔሻ ൅ ሺ݂ ∘ ݃ሻሺݕሻ

 

Hence ݂ ∘ ݃ ∈ Homሺܣሻ. 
Similarly ሺ݂ ൅ ݃ሻ ∘ ݄ ൌ ݂ ∘ ݄ ൅ ݃ ∘ ݄. 

Thus Hom ሺܣሻ is a ring. 

Example. The set ܴ of all matrices of the form ቀ ܽ ܾ
െܾ ܽቁ where ܽ, ܾ ∈  is a ring under ܀

matrix addition and matrix multiplication. 

Proof. Let ܣ ൌ ቀ ܽ ܾ
െܾ ܽቁ and ܤ ൌ ቀ ܿ ݀

െ݀ ܿቁ ∈ ܴ. 

Then 

ܣ ൅ ൌܤ ቀ ܽ ܾ
െܾ ܽቁ ൅ ቀ

ܿ ݀
െ݀ ܿቁ

ൌ ൬ ܽ ൅ ܿ ܾ ൅ ݀
െሺܾ ൅ ݀ሻ ܽ ൅ ܿ൰ ∈ ܴ.

ൌܤܣ ቀ ܽ ܾ
െܾ ܽቁ ቀ

ܿ ݀
െ݀ ܿቁ

ൌ ൬ ܽܿ െ ܾ݀ ܽ݀ ൅ ܾܿ
െሺܽ݀ ൅ ܽܿሻ ܽܿ െ ܾ݀൰ ∈ ܴ.

 

Clearly matrix addition is commutative and ቀ0 0
0 0ቁ ∈ ܴ is the zero element. 

ቀെܽ െܾ
ܾ െܽቁ is the inverse of the matrix ቀ ܽ ܾ

െܾ ܽቁ 
Further matrix multiplication is associative and the distributive laws are valid for 2 ൈ 2 

matrices. 

Hence ܴ is a ring. 

Exercises 

1. Prove that the set of all real numbers of the form ܽ ൅ ܾ√3 where ܽ, ܾ ∈  under usual ۿ

addition and multiplication is a ring. 

2. Determine which of the following statements are true and which are false. 

(a) The set of all even integers is a ring under usual addition and multiplication 

(b) The set of all odd integers is a ring under usual addition and multiplication. 

(c) In any ring addition is commutative 

(d) The non-zero elements of a ring form a group under multiplication. 
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Answers. 2.(a) T (b) F (c) T (d) F 

4.2. Elementary properties of rings 

Theorem 4.1. Let ܴ be a ring and ܽ, ܾ ∈ ܴ. Then 

(i) 0ܽ ൌ ܽ0 ൌ 0          (ii)  ܽሺെܾሻ ൌ ሺെܽሻܾ ൌ െሺܾܽሻ			 
(iii) ሺെܽሻሺെܾሻ ൌ ܾܽ  (iv)  ܽሺܾ െ ܿሻ ൌ ܾܽ െ ܽܿ. 

Proof. (i) ܽ0 ൌ ܽሺ0 ൅ 0ሻ ൌ ܽ0 ൅ ܽ0. 

∴ ܽ0 ൌ 0. (by cancellation law in ሺܴ,൅ሻ ) 
Similarly 0ܽ ൌ 0. 

(ii) ܽሺെܾሻ ൅ ܾܽ ൌ ܽሺെܾ ൅ ܾሻ ൌ ܽ0 ൌ 0. 

∴ ܽሺെܾሻ ൌ െሺܾܽሻ. 
Similarly, ሺെܽሻܾ ൌ െሺܾܽሻ. 
(iii) By (ii), ሺെܽሻሺെܾሻ ൌ െሾܽሺെܾሻሿ ൌ െሺെܾܽሻ ൌ ܾܽ. 

(iv) ܽሺܾ െ ܿሻ ൌ ܽሾܾ ൅ ሺെܿሻሿ ൌ ܾܽ ൅ ܽሺെܿሻ ൌ ܾܽ െ ܽܿ. 

 

Solved problems 

Problem 1. If ܴ is a ring such that ܽଶ ൌ ܽ for all ܽ ∈ ܴ, prove that 

(i) ܽ ൅ ܽ ൌ 0 

(ii) ܽ ൅ ܾ ൌ 0 ⇒ ܽ ൌ ܾ 

(iii) ܾܽ ൌ ܾܽ 

Proof. 

iሻ	a	൅a	ൌ	ሺa൅aሻሺa൅aሻ	ൌ	aሺa൅aሻ	൅aሺa൅aሻ	ൌ	aa൅aa൅aa൅aa	
														ൌ	ሺa൅aሻ൅ሺa൅aሻ	ሺsince	ܽଶ ൌ ܽሻ	
Hence ܽ ൅ ܽ ൌ 0. 

(ii) Let ܽ ൅ ܾ ൌ 0. By (i) ܽ ൅ ܽ ൌ 0. 

∴ 	ܽ ൅ ܾ ൌ ܽ ൅ ܽ so that ܽ ൌ ܾ. 

iii) a	൅b	ൌ	ሺa൅bሻሺa൅bሻ	ൌ	aሺa൅bሻ	൅bሺa൅bሻ	ൌ	aa൅ab൅ba൅bb	
																ൌ	a൅ab൅ba൅b		
Hence ܾܽ ൅ bܽ ൌ 0, so that by ii) ab=ba 

 

Note. A ring ܴ is called a Boolean ring if ܽଶ ൌ ܽ for all ܽ ∈ ܴ.  
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For example ( ℘ሺܵሻ, Δ,∩ ) is a Boolean ring. 

 

Problem 2. Complete the Cayley table for the ring ܴ ൌ ሼܽ, ܾ, ܿ, ݀ሽ 
+ ܽ ܾ ܿ ݀          . ܽ ܾ ܿ d 

ܽ ܽ ܾ ܿ ݀ ܽ ܽ ܽ ܽ ܽ 

ܾ ܾ ܽ ݀ ܿ ܾ ܽ ܾ   

ܿ ܿ ݀ ܽ ܾ ܿ ܽ   A 

݀ ݀ ܿ ܾ ܽ ݀ ܽ ܾ ܿ  

 

Solution. First, we shall compute ܾܿ. 

ܾܿൌ ሺܾ ൅ ݀ሻܾ  (from addition table) 
ൌ ܾܾ ൅ ܾ݀
ൌ ܾ ൅ ܾ  (from multiplication table) 
ൌ ܽ  (from addition table) 

 

Now, ܿܿ ൌ ܿሺܾ ൅ ݀ሻ ൌ ܾܿ ൅ ܿ݀ ൌ ܽ ൅ ܽ ൌ ܽ. 

ܾܿ ൌ ሺܾ̂ ൅ ݀ሻܿ ൌ ܿܿ ൅ ݀ܿ ൌ ܽ ൅ c ൌ ܿ. 
ܾ݀ ൌ ܾሺܾ ൅ ܿሻ ൌ ܾܾ ൅ ܾܿ ൌ ܾ ൅ ܿ ൌ ݀. 

 ݀݀ ൌ ሺܾ ൅ ܿሻ݀ ൌ ܾ݀ ൅ ܿ݀ ൌ ݀ ൅ ܽ ൌ ݀. 

Hence the completed table for multiplication is 

. ܽ ܾ ܿ ݀ 

ܽ ܽ ܽ ܽ ܽ 

ܾ ܽ ܾ ܿ ݀ 

ܿ ܽ ܽ ܽ ܽ 

݀ ܽ ܾ ܿ ݀ 

Exercises 

1. Given any positive integer ݊ show that there exists a ring with ݊ elements. 

2. Prove by induction that ܽሺܾଵ ൅ ܾଶ ൅⋯൅ ܾ௡ሻ ൌ ܾܽଵ ൅ ܾܽଶ ൅⋯൅ ܾܽ௡. 
4.4. Types of rings 
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Definition. A ring ܴ is said to be commutative if ܾܽ ൌ ܾܽ for all ܽ, ܾ ∈ ܴ. 

 

Examples 

1. The familiar rings ܼ, ܳ, ܴ are all commutative. The following are examples of 

noncommutative rings. 

2. Let ܨ denote the set of all functions from ܀ to R. We define ሺ݂ ൅ ݃ሻሺݔሻ ൌ ݂ሺݔሻ ൅
݃ሺݔሻ and ݂ ⋅ ݃ ൌ ݂ ∘ ݃. Then ( ܨ, ൅,⋅ ) is noncommutative ring. 

3. The ring of quaternions given in example 13 of 4.1 is a non-commutative ring since 

݆݅ ൌ ݇ and ݆݅ ൌ െ݇. 

 .ଶሺRሻ is a non-commutative ringܯ .4

Exercises  Determine which of the rings given in section 4.1 are commutative. section 4.1 

are commutative.  

Answers 1,2,3,4,5,6,7,8,9,11,14	are	commutative rings. 

Definition. Let ܴ be a ring. We say that ܴ is a ring with identity if there exists 1 belongs to 

R such that  ܽ1 ൌ 1ܽ ൌ ܽ for all a belongs to R   

Examples 

1. The familiar rings ܈, ,ۿ  .are all rings with identity ܀

2. ( ݊Z, ൅, ) when ݊ ൐ 1 is a ring which has no identity. 

 .ଶሺRሻ is a ring with identityܯ .3

Exercises   Determine which of the rings given in section 4.1 are rings with identity. 

Answers. 1,3,4,6,8,9,10,11,12,13 and 14 are rings with identity. 

Note. Consider the null ring ሼ0ሽ. In this case 0 is both additive identity and multiplicative 

identity. This is the only case where 0 can act as the multiplicative identity, for if 0 is the 

multiplicative identity in a ring ܴ, then 0ܽ ൌ ܽ for all ܽ ∈ ܴ. But in any ring 0ܽ ൌ 0. 

Hence ܽ ൌ 0, so that ܴ ൌ ሼ0ሽ. In what follows we will exclude this trivial case when 

speaking of the multiplicative identity. Hence whenever we speak of a multiplicative 

identity in a ring, we assume that the multiplicative identity is not 0 . 

Theorem 4.2. In a ring with identity the identity element is unique. 

Proof. Let 1, 1ᇱ be multiplicative identities. 

Then 1 ⋅ 1ᇱ ൌ 1 (considering 1ᇱ as identity) 

and 1 ⋅ 1ᇱ ൌ 1ᇱ (considering 1 as identity) 
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∴ 	1 ൌ 1ᇱ. Hence the identity element is unique. 

Definition. Let ܴ be a ring with identity. An element ݑ ∈ ܴ is called a unit in ܴ if it has a 

multiplicative inverse in ܴ. The multiplicative inverse of ݑ is denoted by ିݑଵ. 
Examples. 

1. In ሺ܈, ൅,⋅ሻ,1 and -1 are units. 

2. In ܯଶሺ܀ሻ, all the non-singular matrices are units. 

3. In ܀,ۿ and ۱ every non-zero element is a unit. 

 

Theorem 4.3. Let ܴ be a ring with identity. The set of all units in ܴ is a group under 

multiplication. 

Proof. Let ܷ denote the set of all units in ܴ.  Clearly 1 ∈ ܷ. Let ܽ, ܾ ∈ ܷ. 

Hence ܽିଵ, ܾିଵ exists in ܴ. 

Now ሺܾܽሻሺܾିଵܽିଵሻ ൌ ܽሺܾܾିଵሻܽିଵ ൌ ܽ1ܽିଵ ൌ ܽܽିଵ ൌ 1. 

Similarly ሺܾିଵܽିଵሻሺܾܽሻ ൌ 1. 

Hence ܾܽ ∈ ܷ. 

Also ሺܽିଵሻିଵ ൌ ܽ and hence ܽ ∈ ܷ ⇒ ܽିଵ ∈ ܷ. 

Hence ܷ is a group under multiplication. 

Exercises.   Find all the units in the rings given in section 4.1 

Answers.  

1. In ܈, 1 and -1 are units;  ۿ∗,  .and ۱ respectively ܀,ۿ and ۱∗ are the units in ∗܀

2. Nil 

3.  1 and -1  

4. 1, ݅, െ1,െ݅.  
5. Nil  

∗܀ .6 ൈ   .∗܀
7. Nil.  

8. ሼܽ/ܽ ∈ ௡܈ � and �ሺܽ, ݊ሻ ൌ 1ሽ. 
9.  S. 

10. All non-singular matrices.  

11. All bijections. 

12. All automorphisms 
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13.  ܳ∗ 
14. ܴ∗. 
 

Definition. Let ܴ be a ring with identity element. ܴ is called a skew field or a division ring 

if every non-zero element in ܴ is a unit. 

(i.e) For every non-zero element ܽ ∈ ܴ, there exists a multiplicative inverse ܽିଵ ∈ ܴ such 

that ܽܽିଵ ൌ ܽିଵܽ ൌ 1. Thus, in a skew field the non-zero elements form a group under 

multiplication. 

Definition. A commutative skew field is called a field. 

In other words a field is a system ( ܨ, ൅,⋅ ) satisfying the following conditions. 

(i) ሺܨ, ൅ሻ is an abelian group. 

(ii) ሺܨ െ ሾ0ሿ,⋅ሻ is an abelian group. 

(iii) ܽ ⋅ ሺܾ ൅ ܿሻ ൌ ܽ ⋅ ܾ ൅ ܽ ⋅ ܿ for all ܽ, ܾ, ܿ ∈  .ܨ

Examples 

,ۿ .1  .and ۱ are fields under usual addition and multiplication ܀

2. Let ݌ be a prime. Then ൫ܼ௣,⊕,⊙൯ is field. 

Proof. ( ܈௣,⊕,⊙ ) is a ring (by example 8 of 4.1) 

Also since ݌ is prime ൫ܼ௣ െ ሼ0ሽ,0൯ is an abelian group. (refer example 23 of 3.1 ). 

Hence ൫ܼ௣,⊕,⊙൯ is a field. 

3.  Let ܯ be the set of all matrices of the form ቀ ܽ ܾ
െ‾ܾ ‾ܽቁ where ܽ, ܾ, ∈ ۱. Then ܯ is ܽ 

skew field under matrix addition and matrix multiplication. 

Proof. Let ܣ, ܤ ∈  .ܯ

Let ܣ ൌ ቀ ܽ ܾ
െ ‾ܾ ‾ܽቁ and ܤ ൌ ቀ ܿ ݀

െ ‾݀ ‾ܿቁ  Then  

ܣ ൅ ൌܤ ቀ ܽ ൅ ܾ ܾ ൅ ݀
െ‾ܾ െ ‾݀ ‾ܽ ൅ ‾ܿቁ

ൌ ൬ ܽ ൅ ܿ ܾ ൅ ݀
െሺܾ ൅ ݀ሻ ܽ ൅ ܿ൰ ∈ .ܯ

 

Hence ܯ is closed under matrix addition, ሿ Obviously matrix addition is associative and 

commutative. 

ቀ0 0
0 0ቁ is the zero element of ܯ. 
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ቀെܽ െܾ‾ܾ െ ‾ܽቁ is the additive inverse of  ቀ ܽ ܾ
െ‾ܾ ‾ܽቁ	

Hence ܯ is an abelian group und addition. 

Now, 

ൌܤܣ ቀ ܽ ܾ
െ ‾ܾ ‾ܽቁ ቀ

ܿ ݀
െ ‾݀ ‾ܿቁ

ൌ ൬ ܽܿ െ ܾ ‾݀ ܽ݀ ൅ ܾ ‾ܿ
െ ‾ܾܿ െ ‾ܽ ‾݀ െ ‾ܾ݀ ൅ ܽܿ൰

 

which is of the form ቀ ݖ ݓ
െݓ‾  .ቁ‾ݖ

Hence M is closed under matrix multipletioni. 

Further matrix multiplication is associnic and ቀ1 0
0 1ቁ ∈  .is the multiplicare identity ܯ

Now, let ܣ ൌ ቀ ܽ ܾ
െ ‾ܾ ‾ܽቁ be a non-zen matrix in ܯ. 

Then either ܽ ് 0 or ܾ ് 0 so that either |ܽ| ൐ 0 or |ܾ| ൐ 0. 

Hence |ܣ| ൌ ܽ ‾ܽ ൅ ܾ ‾ܾ ൌ |ܽ|ଶ ൅ |ܾ|ଶ ൐ 0 

Thus ܣ is a non-singular matrix and hence br an inverse and ିܣଵ ∈  is a skew ܯ Thus .ܯ

field. Also since matrix multiplication is ad commutative, ܯ is not a field. 

4.  Let ܳ be the ring of quarternions given is example 13 of section 4.1. ܳ is a skew field 

but not a field. 

Proof. We have proved that ሺܳ,൅,⋅ሻ is : ring. 

1 ൌ 1 ൅ 0݅ ൅ 0݆ ൅ 0݇ is the identity elemest Let ݔ ൌ ܽ଴ ൅ ܽଵ݅ ൅ ܽଶ݆ ൅ ܽଷ݇ be a non-zero 

element in ܳ. 

Then not all of ܽ଴, ܽଵ, ܽଶ, ܽଷ are zero. 

Let ߙ ൌ ܽ଴ଶ ൅ ܽଵଶ ൅ ܽଶଶ ൅ ܽଷଶ. Clearly ߙ ് 0 

Let ݕ ൌ ሺܽ଴/ߙሻ െ ሺܽଵ/ߙሻ݅ െ ሺܽଶ/ߙሻ݆ െ ሺܽଷ/ߙሻ݇. 

Now, ݕ ∈ ܳ and ݕݔ ൌ ݔݕ ൌ 1. (verify). 

Thus ܳ is a skew field. 

In ܳ, multiplication is not commutative since ݆݅ ൌ ݇ and ݆݅ ൌ െ݇. Hence ܳ is not a field. 

5.  ሺܼ௜൅. ሻ is a commutative ring with identity but not a field since 1 and -1 are the only 

non-zero elements which have inverses. 

Theorem 4.4. In a skew field ܴ, 

(i) ܽݔ ൌ ,ݕܽ ܽ ് 0 ⇒ ݔ ൌ  (cancellation laws in ring) ݕ
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(ii) ܽݔ ൌ ,ܽݕ ܽ ് 0 ⇒ ݔ ൌ  ݕ

(iii) ܽݔ ൌ 0 ⇔ ܽ ൌ 0 or ݔ ൌ 0. 

Proof. 

(i) Let ܽݔ ൌ ܽ and ݕܽ ് 0. 

Since ܴ is a skew field there exists ܽିଵ ∈ ܴ such that ܽܽିଵ ൌ ܽିଵܽ ൌ 1. 

Hence ܽݔ ൌ ݕܽ ⇒ ܽିଵሺܽݔሻ ൌ ܽିଵሺܽݕሻ ⇒ ݔ ൌ  .ݕ

(ii) can be proved similarly. 

(iii) If ܽ ൌ 0 or ݔ ൌ 0, then clearly ܽݔ ൌ 0. 

Conversely let ܽݔ ൌ 0 and ܽ ് 0. 

∴ ݔܽ	 ൌ ܽ0.
∴ ݔ	 ൌ 0 by (i). 

 

Note. Thus, in a skew field the product of two nonzero elements is again a non-zero 

element. However, this is not true in an arbitrary ring. 

Example 

1. Consider the ring ( ܀ ൈ  ൅,⋅ ) where ' + ' and ‘. ‘ are defined by,܀

ሺܽ, ܾሻ ൅ ሺܿ, ݀ሻൌ ሺܽ ൅ ܿ, ܾ ൅ ݀ሻ and 
ሺܽ, ܾሻ ⋅ ሺܿ, ݀ሻൌ ሺܽܿ, ܾ݀ሻ.  

܀             ൈ is a commutative ring with identity. Here ሺ1,0ሻሺ0,1ሻ ܀ ൌ ሺ0,0ሻ. 
2.  The product of two non-zero matrices can be equal to the zero matrix. For example. 

ቀ1 0
0 0ቁ ቀ

0 0
1 0ቁ ൌ ቀ

0 0
0 0ቁ. 

 

Definition. Let ܴ be a ring. A non-zero element ܽ ∈ ܴ is said to be a zero-divisor if there 

exists a non-zero element ܾ ∈ ܴ such that ܾܽ ൌ 0 or ܾܽ ൌ 0. 

Examples 

1. In the ring ܀ ൈ ,܀ ሺ1,0ሻ and ( 0,1 ) are zero divisors, since ሺ1,0ሻሺ0,1ሻ ൌ ሺ0,0ሻ. In fact, 

all the elements of the form ሺܽ, 0ሻ and ሺ0, ܽሻ. where ܽ ് 0 are zero divisors. 

2. In the ring of matrices ቀ1 0
0 0ቁ , ቀ

0 0
1 1ቁ are zero-divisors, since 

ቀ1 0
0 0ቁ ቀ

0 0
1 1ቁ ൌ ቀ

0 0
0 0ቁ. 

3. In the ring Zଵଶ, 3 is a zero-divisor, since 3⊙ 4 ൌ 0. Also 2,4,6 are zero-divisors. 

4. In the ring of integers, no element is a zero divisor. 
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5. No skew field has any zero-divisor. 

Theorem 4.5. A ring ܴ has no zero-divisors iff cancellation law is valid in ܴ. 

Proof. Let ܴ be a ring without zero-divisors. 

Let ܽݔ ൌ ܽ and ݕܽ ് 0. 

∴ ݔܽ	 െ ݕܽ ൌ 0. Hence ܽሺݔ െ ሻݕ ൌ 0 and ܽ ് 0. 

∴ ݔ	 െ ݕ ൌ 0 (since ܴ has no zero-divisors). 

∴ ݔ	 ൌ  .ܴ Thus, cancellation laws is valid in .ݕ

Conversely let the cancellation law be valid in ܴ. 

Let ܾܽ ൌ 0 and ܽ ് 0. Then ܾܽ ൌ 0 ൌ ܽ0. 

Hence by cancellation law ܾ ൌ 0. 

Hence ܴ has no zero-divisors. 

Theorem 4.6. Any unit in ܴ cannot be a zero-divisor. 

Proof. Let ܽ ∈ ܴ be a unit. 

Then ܾܽ ൌ 0 ⇒ ܽିଵሺܾܽሻ ൌ 0 ⇒ ܾ ൌ 0. 

Similarly ܾܽ ൌ 0 ⇒ ܾ ൌ 0. 

Hence ܽ cannot be a zero-divisor. 

Note. The converse of the above result is not true. (ie.) ܽ is not a zero-divisor does not 

imply ܽ is a unit. 

For example, in ܈, 2 is not a zero-divisor and 2 is not a unit. 

Definition. A commutative ring with identity having no zero-divisors is called in integral 

domain. 

Thus, in an integral domain ࢈ࢇ ൌ ૙ ⇒ either ࢇ ൌ ૙ or ܾ ൌ 0. 

Or equivalently ܾܽ ൌ 0 and ܽ ് 0 ⇒ ܾ ൌ 0; or ܽ ് 0 and ܾ ് 0 ⇒ ܾܽ ് 0. 

Examples 

 .is an integral domain ܈ .1

2. ܼ݊ where ݊ ൐ 1 is not an integral domain since the ring ܼ݊ does not have an identity. 

 .ଵଶ is not an integral domain since 4 is a zerodivisor in Zଵଶ܈ .3
4. ܼ଻ is an integral domain. 

Theorem 4.7.ܼ௡ is an integral domain iff ݊ is prime. 

Proof. Let ܼ௡ be an integral domain. 

We claim that ݊ is prime. Suppose ݊ is not prime. 
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Then ݊ ൌ ܫ where ݍ݌ ൏ ݌ ൏ ݊ and ܫ ൏ ݍ ൏ ݊. 

Clearly ݌⊙ ݍ ൌ 0. 

Hence ݌ and ݍ are zero-divisors. 

∴  .௡ is not an integral domain which is a contradiction. Hence ݊ is prime܈	

Conversely, suppose ݊ is prime. Let ܽ, ܾ ∈  .௡܈

Then ܽ ⊙ ܾ ൌ 0 ⇒ ܾܽ ൌ ݍ where ݊ݍ ∈ ܼ௡. 

⇒ ݊ ∣ ܾܽ
⇒ ݊ ∣ ݊ or ݍ ∣ ܾ (since ݊ is prime) 
⇒ ܽ ൌ 0 or ܾ ൌ 0.

 

∴ 	ܼ௡ has no zero-divisors. 

Also ܈௡ is a commutative ring with identity. 

Hence ܼ௡ is an integral domain. 

Theorem 4.8. Any field ܨ is an integral domain. 

Proof. It is enough if we prove that ܨ has no zerodivisors. 

Let ܽ, ܾ ∈ ,ܨ ܾܽ ൌ 0 and ܽ ് 0. 

Since ܨ is a field ܽିଵ exists. 

Now, ܾܽ ൌ 0 ⇒ ܽିଵሺܾܽሻ ൌ 0 

⇒ ܾ ൌ 0. 
∴  .has no zero-divisors ܨ	

Hence ܨ is an integral domain. 

Note. The converse of the above theorem is not true 

 (ie) An integral domain need not be a field. 

For example, ܈ is an integral domain but not a field. 

Theorem 4.9. Let ܴ be a commutative ring with identity 1 . Then ܴ is an integral domain 

iff the set of non-zero elements in ܴ is closed under multiplication. 

Proof. Let ܴ be an integral domain. 

Let ܽ, ܾ ∈ ܴ െ ሼ0ሽ. 
Since ܴ has no zero-divisors ܾܽ ് 0 so that ܴ െ |0| is closed under multiplication. 

Conversely, suppose ܴ െ ሼ0ሽ is closed under multiplication. Then the product of any two 

non-zero elements is a non-zero element. Hence ܴ has no zero-divisors so that ܴ is an 

integral domain. 
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Theorem 4.10. Let ܴ be a commutative ring with identity. Then ܴ is an integral domain iff 

cancellation law is valid in ܴ. 

Proof. The result is an immediate consequence of Theorem 4.5. 

Theorem 4.11. Any finite integral domain is a field. 

Proof. Let ܴ be a finite integral domain. We need only to prove that every non-zero 

element in ܴ has a multiplicative inverse. 

Let ܽ ∈ ܴ and ܽ ് 0. 

Let ܴ ൌ ሺ0,1, ܽଵ, ܽଶ, … , … , ܽ௡ሻ. 
Consider ሼܽ1, ܽܽଵ, ܽܽଶ, …… , ܽܽ௡ሽ. 
By Theorem 4.9 all these elements are non-zero and all these elements are distinct by 

Theorem 4.10. 

Hence ܽܽ௜ ൌ 1 for some ܽ௜ ∈ ܴ 

since ܴ is commutative, ܽܽ௜ ൌ ܽ௜ܽ ൌ 1 so that ai=a-1. Hence ܴ is a field. 

Remark. The above result is not true for an infinite integral domain. For example consider 

the ring of integers. It is an integral domain but not a field. 

Theorem 4.12.ܼ௡ is a field iff ݊ is prime. 

Proof. By theorem 4.7, ܈௡ is an integral domain iff ݊ is prime. 

Further ܼ௡ is finite. Hence the result follows from Theorem 4.11. 

Theorem 4.13. A finite commutative ring ܴ without zero-divisors is a field. 

Proof. If we prove that ܴ has an identity element then ܴ becomes an integral domain and 

hence by Theorem 4.11 it is a field. So we prove the existence of identity. 

Let ܴ ൌ ሼ0, ܽଵ, …… , ܽ௡ሽ. 
Let ܽ ∈ ܴ and ܽ ് 0. 

Then the elements ܽܽଵ, ܽܽଶ, …… , ܽܽ௡, are distinct and non-zero. 

∴ 	ܽܽ௜ ൌ ܽ for some ݅. 
Since ܴ is commutative we have ܽܽ௜ ൌ ܽ௜ܽ ൌ ܽ. 

We now prove that ܽ௜ is the identity element of ܴ. 

Let ܾ ∈ ܴ. Then ܾ ൌ ܽ ௝ܽ for some ݆. 
∴ ܽ௜ܾ ൌ ܽ௜൫ܽ ௝ܽ൯ ൌ ሺܽ௜ܽሻ ௝ܽ ൌ ܽ ௝ܽ ൌ ܾ. 

Thus ܽ௜ܾ ൌ ܾܽ௜ ൌ ܾ. 
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Since ܾ ∈ ܴ is arbitrary, ܽ௜ is the identity of ܴ. 

Hence the theorem. 

 

Solved problems 

Problem 1. Prove that the set ܨ of all real numbers of the form ܽ ൅ ܾ√2 where ܽ, ܾ ∈  is ۿ

a field under the usual addition and multiplication of real numbers. 

Solution. Obviously, ሺܨ, ൅ሻ is a abelian group with 0 as the zero element. 

Now, let ܽ ൅ ܾ√2 and ܿ ൅ ݀√2 ∈ Then ሺܽ .ܨ ൅ ܾ√2ሻሺܿ ൅ ݀√2ሻ ൌ ሺܽܿ ൅ 2ܾ݀ሻ ൅ ሺܽ݀ ൅
ܾܿሻ√2 ∈  .ܨ

Since the two binary operations are the usual addition and multiplication of real numbers, 

multiplication is associative and commutative and the two distributive laws are true. 

1 ൌ 1 ൅ 0√2 ∈  .and is the multiplicative identity ܨ

Now, let ܽ ൅ ܾ√2 ∈ ܨ െ ሼ0ሽ. 
Then ܽ and ܾ are not simultaneously 0 . 

Also 
ଵ

௔ା௕√ଶ ൌ
௔ି௕√ଶ
௔మିଶ௕మ. 

We claim that ܽଶ െ 2ܾଶ ് 0. 

Case (i) ܽ ് 0 and ܾ ൌ 0, then ܽଶ െ 2ܾଶ ൌ ܽଶ ് 0. 

Case (ii) ܽ ൌ 0 and ܾ ് 0, then ܽଶ െ 2ܾଶ ൌ െ2ܾଶ ് 0. 

Case (iii) ܽ ് 0 and ܾ ് 0. Suppose ܽଶ െ 2ܾଶ ൌ 0. 

Then ܽଶ ൌ 2ܾଶ so that ܽଶ/ܾଶ ൌ 2. 

Hence ܽ/ܾ ൌ േ√2. 

Now, ܽ/ܾ ∈ and √2 ۿ ∉  .This is a contradiction .ۿ

Hence ܽଶ െ 2ܾଶ ് 0. 

∴ 1
ܽ ൅ ܾ√2 ൌ ቀ

ܽ
ܽଶ െ 2ܾଶቁ െ ൬

ܾ
ܽଶ െ 2ܾଶ൰√2 ∈ 	ܨ

and is the inverse of ܽ ൅ ܾ√2. 

Hence ܨ is a field. 

 

Problem 2. Give examples of 

 a finite commutative ring with identity which is not an integral domain. 



 
 
 

Manonmaniam	Sundaranar	Universiy,	Directorate	&	Continuing	Education, Tirunelveli		 	97	
 

 a finite non-commutative ring. 

 an infinite non-commutative ring with identity. 

 an infinite ring having no identity. 

Solution. 

A = (Z4, ⊕, ⊙) is a finite commutative ring with identity 1.  

We have 2 ⊙ 2 = 0. Thus 2 is a zero-divisor in A and hence A is not an integral domain. 

Consider the set M2(Z3) of all matrices with entries from \mathbf{Z}_3. Clearly M2(Z3) is 

finite 

and is also a ring under matrix addition and multiplication. 

        Further ቀ1 0
0 2ቁ ቀ

1 2
2 1ቁ ൌ ቀ

1 2
1 2ቁ and ቀ1 2

2 1ቁ ቀ
1 0
0 2ቁ ൌ ቀ

1 1
2 2ቁ and  

         hence M2(Z3) is non-commutative. 

 M2(R) is an infinite non-commutative ring with identity ቀ1 0
0 1ቁ. 

 (2Z, +, .) is an infinite ring with no identity. 

Problem 3. Prove that the only idempotent elements of an integral domain are 0 and 1. 

Solution. Let R be an integral domain. Let a∈	R be an idempotent element. 

Then a2 = a so that a2- a = a(a - 1) = 0.  

Since R has no zero-divisors  a(a-1)=0⟹ a=0 or a-1=0 

 

Problem 4. Let  F  be a finite field with  n  elements. Prove that  an = a  for all  a ϵ F . 

Solution. If  a = 0 , then obviously  an = a = 0 . Hence, let  a ്	0 . Since  F  is a field,  F -

{0}  is a group under multiplication and  |F - {0}| = n - 1 . Hence  an-1 = 1  (by 

Theorem 3.35).  Therefore an = a . 

 

Problem 5. Prove that in the case of a ring with identity the axiom  a + b = b + a  is 

redundant.  

(i.e., The axiom  a + b = b + a  can be derived from the other axioms of the ring.) 

Solution. Using the two distributive laws of a ring 

(1 + 1)(a + b) = 1(a + b) + 1(a + b) = a + b + a + b  and 

(1 + 1)(a + b) = (1 + 1)a + (1 + 1)b= a + a + b + b. 

Therefore a + b + a + b = a + a + b + b . 
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Hence  b + a = a + b  (by cancellation laws). 

 

Problem 6. If the additive group of a ring  R  is cyclic. Prove that  R  is commutative. 

Deduce that a ring with 7 elements is commutative. 

Solution.  (R, +)  is a cyclic group. Let  R = 〈	a 〉  . Let  x, y \in R . Then  x = ma  and  y = 

na  where  m, n ∈	Z. 

Now,  xy = mana = (a + a + …. + a) (a + a + ……+ a) 

                = mna2= nma2 = na ma=yx 

Hence  R  is a commutative ring. 

Now, let  R  be a ring with 7 elements. 

Then (R, +) is a group of order 7.  |R| = 7  

Hence (R, +) is cyclic. 

Hence  R  is commutative. 

 

Problem 7. Let  R  and  R'  be rings and  f : R →	R'  be an isomorphism. Then 

(i)  R  is commutative  ⟹	R'  is commutative. 

(ii)  R  is ring with identity  ⟹ R'  is a ring with identity. 

(iii)  R  is an integral domain   R'  is an integral domain. 

(iv)  R  is a field  ⟹ R'  is a field. 

Solution. 

(i) Let  a', b'ϵ R' . Since  f  is onto, there exists  a, b 'ϵ R  such that  f(a) = a'  and  f(b) = b' . 

Now, 

a'b'= f(a)f(b)=f(ab)   (since f is an isomorphism) 

       = f(ba)  (since R  is a commutative ring) 

       = f(b)f(a)  

       = b'a' 

Therefore R' is a commutative ring. 

(ii) Let  1'ϵ R  be the identity element of  R . 

Let  a''ϵ R' . Then there exists  a'ϵ  R  such that  f(a) = a' . 

Now,  f(1)a' = f(1)f(a) = f(1a) = f(a) = a'. 

Similarly  a'f(1) = a'  and hence  f(1)  is the identity element in  R' . 
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Therefore R' is a ring with identity. 

(iii) Let  R  be an integral domain. Then by (i) and (ii),  R'  is a commutative ring with 

identity. 

Now, we prove that  R'  has no zero-divisors. 

Let  a', b''ϵ R'  and let  a'b' = 0 . 

Since  f  is onto there exist  a, b'ϵ R  such that  f(a) = a'  and  f(b) = b' . 

a'b' = 0⟹ f(a)f(b) = 0 

⟹f(ab) = 0 

⟹ab = 0 (since f is 1-1) 

⟹  a = 0 or b = 0 (since R is an integral domain) 

⟹  f(a) = 0 or f(b) = 0. 

⟹ a' = 0 or b' = 0. 

Therefore R' is an integral domain. 

(iv) We need to prove that every non-zero element in R' has an inverse. Let a''ϵ R' and a' ് 

0. 

Then there exists a'ϵ R - {0} such that f(a) = a' 

Now, f(a-1)a' = f(a-1)f(a)= f(a-1a) = f(1). 

Hence f(a-1) is the inverse of a'. 

Problem 8. Prove that the only isomorphism f :Q→Q is the identity map. 

Solution. Since f is an isomorphism f(0) = 0 and f(1) = 1. Now, let n be a positive integer. 

f(n) = f(1 + 1 +… + 1) (written n times) 

       = f(1) + f(1) +…. + f(1) (written n times) 

       = 1 + 1 +…. + 1 (written n times) 

       = n. 

Now, if n is a negative integer, let n = -m where m 'ϵN. 

Then f(n) = f(-m) = -f(m) = -m = n 

Thus for any integer n, f(n) = n. 

Now, let a 'ϵ Q. Then a = p/q where p, q 'ϵ Z. 

Hence f(a) = f(p/q) = f(pq-1) = f(p)f(q-1)= f(p)[f(q)]-1 = pq-1 = p/q = a. 

 

Exercises 
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1. Give examples of 

(a) a commutative ring with zero. divisors. 

(b) a non-commutative ring with zero. divisors. 

(c) an integral domain which is not a field. 

(d) a skew field which is not a field. 

(e) a commutative ring with identity which is not an integral domain. 

2. Prove that a ring ܴ is commutative iff for all ܽ, ܾ ∈ ܴ, ሺܽ ൅ ܾሻଶ ൌ ܽଶ ൅ 2ܾܽ ൅ ܾଶ. 

 

 

 

 

4.5. Characteristic of a ring 

Let ܴ be a ring. Then ሺܴ, ൅ሻ is a group. For any ܽ ∈ ܴ we have ݊ܽ ൌ ܽ ൅ ܽ ൅⋯൅ ܽ 

(written ݊ times). 

Note. For the ring ܈଺ we have 6ܽ ൌ 0 for all ܽ ∈  .଺܈
Definition. Let ܴ be a ring. If there exists a positive integer ݊ such that ݊ܽ ൌ 0, for all 

ܽ ∈ ܴ then the least such positive integer is called the characteristic of the ring ܴ. If no 

such positive integer exists then the ring is said to be of characteristic zero. 

Examples 

1. Z଺ is a ring of characteristic 6 . In general ܈௡ is a ring of characteristic ݊. 

is a ring of characteristic zero, since there is no positive integer ݊ such that na ൌ ܈ .2 0 

for all ܽ ∈  .܈

 .ሻ is a ring of characteristic zero܀ଶሺܯ .3

4. ሺ℘ሺܵሻ, Δ,∩ሻ is a ring of characteristic 2 , since 2ܣ ൌ ܣΔܣ ൌ Φ for all ܣ ∈ ℘ሺܵሻ. 
5. Any Boolean ring is of characteristic 2 (refer solved problem 1 of 4.2). 

 

Theorem 4.14. Let ܴ be a ring with identity 1 . If 1 is an element of finite order in the 

group ሺܴ, ൅ሻ then the order of 1 is the characteristic of ܴ. If 1 is of infinite order, the 

characteristic of the ring is 0 . 

Proof. Suppose the order of 1 is ݊. Then ݊ is the least positive integer such that ݊ ⋅ 1 ൌ 0 
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(ie.,) 1 ൅ 1 ൅⋯൅ 1 ( ݊ times) ൌ 0. Now, let ܽ ∈ ܴ. 

Then, ݊ܽ ൌ ܽ ൅ ܽ ൅⋯൅ ܽሺ݊ times ሻ 

														
ൌ 1 ⋅ ܽ ൅ 1 ⋅ ܽ ൅⋯൅ 1 ⋅ ܽൌ ሺ1 ൅ 1 ൅⋯൅ 1ሻܽ.
ൌ 0 ⋅ ܽൌ 0.

 

Thus na=0 for all ܽ ∈ ܴ. 

Hence the characteristic of the ring is ݊. 

If 1 is of infinite order then there, is no positive integer ݊ such that ݊ ⋅ 1 ൌ 0. Hence the 

characteristic of the ring is 0 . 

Theorem 4.15. The characteristic of an integral domain ܦ is either 0 or a prime number. 

Proof. If the characteristic of ܦ is 0 then there is nothing to prove. If not be the 

characteristic of ܦ be ݊. 

If ݊ is not prime, let ݊ ൌ where 1 ݍ݌ ൏ ݌ ൏ ݊ and 1 ൏ ݍ ൏ ݊. 

Since characteristic of ܦ is ݊ we have n.1=0 

Hence ݊ ⋅ 1 ൌ ݍ݌ ⋅ 1 ൌ ሺ݌ ⋅ 1ሻሺݍ ⋅ 1ሻ ൌ 0. 

Since ܦ is an integral domain either ݌ ⋅ 1 ൌ 0 or ݍ ⋅ 1 ൌ 0. 

Since ݌,  .ܦ are both less than ݊, this contradicts the definition of the characteristic of ݍ

Hence ݊ is a prime number. 

Corollary. The characteristic of any field is either 0 or a prime number. 

Proof. Since every field is an integral domain the result follows. 

Note. 

1. The characteristic of an arbitrary ring need not be prime. For example ܈଺ is of 

characteristic 6. 

2. The converse of the above theorem is not true. (ie.,) If the characteristic of a ring ܴ is 

prime then ܴ need not be an integral domain. 

Example. The ring ( ℘ሺܵሻ, Δ,∩ ) is of characteristic 2 but it is not an integral domain. If ܣ 

and ܤ are two disjoint nonempty subsets of ܵ we have ܣ ∩ ܤ ൌ Φ and hence ܣ and ܤ are 

zero divisors in ℘ሺܵሻ. 
Theorem 4.16. In an integral domain ܦ of characteristic ݌, the order of every element in 

the additive group is ݌. 



 
 
 

Manonmaniam	Sundaranar	Universiy,	Directorate	&	Continuing	Education, Tirunelveli		 	102	
 

Proof. Let ܽ ∈  .be any non-zero element ܦ

Let the order of ܽ be ݊. Then ݊ is the least positive integer such that ݊ܽ ൌ 0. 

Now, by the definition of the characteristic of ܦ we have ܽ݌ ൌ 0. 

Hence ݊ ∣ ݊ ,is prime ݌ Now, since .݌ ൌ 1 or ݊ ൌ  .݌

If ݊ ൌ 1,݊ܽ ൌ ܽ ൌ 0 which is a contradiction. 

Hence ݊ ൌ  .݌ Thus the order of ܽ is .݌

Note. The above result is not true for an arbitrary ring. For example the characteristic of 

the ring ܈଺ is 6 whereas the order of 2 ∈  . ଺ is 3܈

Exercises 

1. Prove that any integral domain of characteristic zero is infinite. 

2. Show that the characteristic of ܯଶሺܼଷሻ is 3 . 

3. Give an example of an infinite ring of characteristic not zero. 

4. In a field of characteristic ݌ show that ሺܽ േ ܾሻ௣ ൌ ܽ௣ േ ܾ௣. 

5. Let ܽ, ܾ be arbitrary elements of a ring ܽ whose characteristic is 2 and let ܾܽ ൌ ܾܽ 

Then show that ሺܽ ൅ ܾሻଶ ൌ ܽଶ ൅ ܾଶ ൌ ሺܽ െ ܾሻଶ. 

6. Determine which of the following are true and which are false. 

(a) ݊܈ is of characteristic ݊. 

(b) The characteristic of any ring is either 0 or a prime number. 

(c) The characteristic of ۿ is zero. 

(d) The characteristic of any finite ring is not zero. 

(e) The characteristic of any field is zero. 

Answers. 

6. (a) F  (b) F  (c) T  (d) T  (e) F . 

4.6. Subrings  

Definition. A non-empty subset ܵ of a ring ሺܴ, ൅,			. ሻ is called a subring if ܵ itself is a ring 

under the same operations as in ܴ. 

Examples 

1. 2Z is a subring of Z. 

 .ۿ is a subring of ܈ .2

 .܀ is a subring of ۿ .3

 .is a subring of ۱ ܀ .4
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5. The set of all matrices of the form ቀܽ 0
0 0ቁ is a subring of ࡹ૛ሺ܀ሻ. 

6. ሼ0ሽ and ܴ are subrings of any ring ܴ. They are called the trivial subrings of ܴ. 

7. ܵ ൌ ሼܽ ൅ ܾ√2/ܽ, ܾ ∈  .܀ ሽ is a subring ofۿ

8. ሼ0,2ሽ is a subring of ܈ସ. 
Theorem 4.17. A non-empty subset ܵ of a ring ܴ is a subring iff ܽ, ܾ ∈ ܵ ⇒ ܽ െ ܾ ∈ ܵ and 

ܾܽ ∈ ܵ. 

Proof. Let S be a subring of R. Then ሺܵ, ൅ሻ is a subgroup of (R,+). 

Hence, ܽ, ܾ ∈ S ⟹	a-b	ϵ S. 

 Also since ܵ itself is a ring abϵ S. 

Conversely, let ܵ be a non-empty subset of R such that a, bϵ S⟹	a-bϵ S and abϵ S. 

Then ሺܵ,൅ሻ is a subgroup of ሺܴ,൅ሻ. 
Also ܵ is closed under multiplication. 

The associative and distributive laws are consequences oi the corresponding laws in ܴ. 

Hence ܵ is a subring. 

 

Solved problems 

Problem 1. Let ܺ be any set and let ܨ be the set of all finite subsets of ܺ. Then ܨ is a 

subring of ሺߩሺܺሻ, Δ,∩ሻ. 
Solution. Let ܣ, ܤ ∈ ܣare finite sets. Hence ሺ ܤ and ܣ Then .ܨ െ ሻܤ ∪ ሺܤ െ ሻܣ ൌ  is ܤΔܣ

a finite set so that ܣΔܤ ∈  .ܨ

Similarly ܣ ∩ ܤ ∈  .is a subring ܨ Thus .ܨ

Problem 2. Let ܴ be a ring with identity. Then ܵ ൌ ሺ݊ ⋅ 1/݊ ∈  .ܴ ሻ is a subring of܈

Solution. Let ܽ, ܾ ∈ ܵ. Then ܽ ൌ ݊ ⋅ 1 and ܾ ൌ ݉ ⋅ 1 for some ݊,݉ ∈  .܈

Hence ܽ െ ܾ ൌ ݊ ⋅ 1 െ ݉ ⋅ 1 ൌ ሺ݊ െ݉ሻ ⋅ 1 ∈ ܵ. 

Also ܾܽ ൌ ሺ݊ ⋅ 1ሻሺ݉ ⋅ 1ሻ ൌ ሺ݊݉ሻ ⋅ 1 ∈ ܵ. 

Hence S is a subring of ܴ. 

Problem 3. Given an example of 

(a) a ring without identity in which a subring has an identity. 

(b) a subring without identity, of a ring with identity. 

(c) a ring with identity 1 in which a subring has identity 1ᇱ ് 1. 
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(d) a subring of a non-commutative ring which is commutative. 

(e) a subring of a field, which is not a field. 

Solution. (a) Consider the set ܴ of all matrices of the form ቀܽ 0
ܾ 0ቁ where ܽ, ܾ ∈  Then .܀

ܴ is a ring under matrix addition and multiplication . 

We now prove that this ring does not have an identity. 

 Let ቀܿ 0
݀ 0ቁ be a matrix such that ቀܿ 0

݀ 0ቁ ቀ
ܽ 0
ܾ 0ቁ ൌ ቀ

ܽ 0
ܾ 0ቁ ቀ

ܿ 0
݀ 0ቁ ൌ ቀ

ܽ 0
ܾ 0ቁ 

Now, 

ቀܿ 0
݀ 0ቁ ቀ

ܽ 0
ܾ 0ቁൌ ቀ

ܽ 0
ܾ 0ቁ

⇒ ቀܽܿ 0
ܾ݀ 0ቁൌ ቀ

ܽ 0
ܾ 0ቁ

 

⇒ ܽܿ ൌ ܽ and ܽ݀ ൌ ܾ ⇒ ܿ ് 1 and ݀ ൌ ܾܽିଵ. 
Hence the matrix ቀܿ 0

݀ 0ቁ depends on the matrix ቀܽ 0
ܾ 0ቁ so that the ring ܴ does not have 

an identity element. 

However the subring ܵ of ܴ consisting of all matrices of the form ቀܽ 0
0 0ቁ has ቀ1 0

0 0ቁ as 

identity. 

(b) 2 Z is a subring of Z.		Z has 1 as the identity but 2 Z doesnot have an identity. 

(c) ܯଶሺ܀ሻ is a ring with the identity ቀ1 0
0 1ቁ The subring ቄቀܽ 0

0 0ቁ /ܽ ∈  ቅ has the identity܀

ቀ1 0
0 0ቁ 

(d) Example given in (c). 

(e) Q is a field. Z is a subring of Q but Z is not a field. 

Theorem 4.18. The intersection of two subrings of a ring ܴ is a subring of ܴ. 

Proof. Let ܣ,  .ܴ be two subrings of ܤ

Let ܽ, ܾ ∈ ܣ ∩ ,ܽ Then .ܤ ܾ ∈  .ܤ and ܣ

Since ܣ and ܤ are subrings ܽ െ ܾ and ܾܽ ∈  .ܤ and ܣ

∴ 	ܽ െ ܾ and ܾܽ ∈ ܣ ∩  .ܤ

∴ ܣ	 ∩  .is subring of ܴ (by Theorem 4.17) ܤ

Note. 

1. The union of the two subrings of a ring need not be a subring. 
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2. The union of two subrings of a ring is again a subring iff one is contained in the other 

(proof as in theorem 3.20). 

Definition. A non-empty subset ܵ of a field ( ܨ, ൅,⋅ ) is called a subfield if ܵ itself is a field 

under the same operations as in ܨ. 

Example. 

  ܀ is a subfield of ۿ  .1

 .is a subfield of ۱ ܀ .2

Theorem 4.19. A non-empty subset ܵ of a field ܨ is a subfield iff 

(i) ܽ, ܾ ∈ ܵ ⇒ ܽ െ ܾ ∈ ܵ and 

(ii) ܽ, ܾ ∈ ܵ and ܾ ് 0 ⇒ ܾܽିଵ ∈ ܵ. 

The proof follows by applying Theorem 3.17 to the groups ( ܨ, ൅ ) and ( ܨ െ ሺ0ሻ,.ሻ. 
Exercises 

1. Prove that every subgroup of ൫ܼ, ൅൯is a subring of the ring of integers. (Hint: Any 

subgroup of ܈ is ݊܈ for some ݊ ). 

2. Prove that every subgroup of ሺࢆ௡,⊕ሻ is a subring of ( ܈௡,⊕,⨀ ). 

3. Find all the subrings of ଼܈,  .ଵଷ܈ ଵଶ and܈
4.7. Ideals 

Definition. Let ܴ be a ring. A non-empty subset of ܴ is called a left ideal of ܴ if 

(i) ܽ, ܾ ∈ ܫ ⇒ ܽ െ ܾ ∈  .ܫ
(ii) ܽ ∈ ݎ and ܫ ∈ ܴ ⇒ ܽݎ ∈  .ܫ
 is called a right ideal of ܴ if ܫ

(i) ܽ, ܾ ∈ ܫ ⇒ ܽ െ ܾ ∈  .ܫ
(ii) ܽ ∈ ݎ and ܫ ∈ ܴ ⇒ ݎܽ ∈  .ܫ
 .is both a left ideal and right ideal ܫ is called an ideal of ܴ if ܫ

Thus, in an ideal the product of an element in the ideal and an element in the ring is an 

element of the ideal. In a commutative ring the concepts of the left ideal, right ideal and 

ideal coincide. 

Examples 

1. In any ring, ܴ, ሼ0ሽ and ܴ are ideals. They called improper ideals of ܴ. 

2. ૛܈ is an ideal of ܈. 

Proof. Let ܽ, ܾ ∈ ૛܈. Then ܽ െ ܾ ∈ ૛܈. Let ܽ ∈ 2ܼ and ܾ ∈ ܼ. Then ܾܽ is even and hence 
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ab∈ 2ܼ. Thus 2ܼ is an ideal of ܼ. 

In general ݊܈ is an ideal of ܈  

3. In ܯଶሺԹሻ the set ܵ of all matrices of the form ቀܽ 0
ܾ 0ቁ is a left ideal and it is not a 

right ideal. 

Clearly ܣ, ܤ ∈ ܵ ⇒ ܣ െ ܤ ∈ ܵ. 

Now, let ܣ ∈ ܵ and ܤ ∈  .ሻ܀ଶሺܯ
Let ܣ ൌ ቀܽ 0

ܾ 0ቁ and ܤ ൌ ቀ݌ ݍ
ݎ  .ቁݏ

Then ܣܤ ൌ ቀ݌ ݍ
ݎ ቁݏ ቀ

ܽ 0
ܾ 0ቁ ൌ ቀ

ܽ݌ ൅ ܾݍ 0
ܽݎ ൅ ܾݏ 0ቁ ∈ ܵ. 

            Hence ܵ is a left ideal. However 

ൌܤܣ ቀܽ 0
ܾ 0ቁ ቀ

݌ ݍ
ݎ ቁݏ

ൌ ቀܽ݌ ݍܽ
݌ܾ ቁݍܾ ∉ ܵ.

 

Hence ܵ is not a right ideal. 

4. Let ܴ be any ring. Let ܽ ∈ ܴ. 

Let ܴܽ ൌ ሼܽݔ/ݔ ∈ ܴሽ. Then ܴܽ is a right ideal of ܴ. 

Similarly ܴܽ ൌ ሼݔ/ܽݔ ∈ ܴሽ is a left ideal of ܴ. 

Let ܽݔ, ݕܽ ∈ ܴܽ. 

Then ܽݔ െ ݕܽ ൌ ܽሺݔ െ ሻݕ ∈ ܴܽ. 

Let ܽݔ ∈ ܴܽ and ݕ ∈ ܴ. 

Then ሺܽݔሻݕ ൌ ܽሺݕݔሻ ∈ ܴܽ. 

Thus ܴܽ is a right ideal. 

Similarly ܴܽ is a left ideal of ܴ. 

Definition. If ܴ is a commutative ring then ܴܽ ൌ ܴܽ is an ideal. This is called the 

principal ideal generated by ܽ and is denoted by ( ܽ ). 

Note. If ܴ is a commutative ring with identity 1 then ܽ ൌ ܽ. 1 ∈ ሺܽሻ. This may not be true 

if the ring ܴ does not have an identity. 

Example. Consider the ring 2 Z . Here ሺ4ሻ ൌ ሼ0,േ,8, േ16,േ24, ....1} and 4 ∉ ሺ4ሻ. 
Remark. 

(i)  Every left ideal of a ring ܴ is a subring of ܴ. Let ܫ be a left ideal of ܴ. Let ܽ, ܾ ∈  .ܫ
Then by definition, ܽ െ ܾ and ܾܽ ∈  .ܴ is a subring of ܫ Hence .ܫ
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(ii) Similarly every right ideal of ܴ is also a subring of ܴ. 

(iii) Any ideal of ܴ is a subring of ܴ. (by (i) and (ii)) 

(iv)  However, a subring of ܴ need not be an ideal of ܴ. 

Example.     

ܫ since ۿ is not an ideal of ܈ but ۿ is a subring of ܈ ∈  and ܈
ଵ
ଶ ∈ ܫ but ۿ ⋅ ଵଶ ൌ

ଵ
ଶ ∉ ܼ. 

Theorem 4.20. Let ܴ be a ring with identity 1 . If ܫ is an ideal of ܴ and ܫ ∈ ܫ then ,ܫ ൌ  .܀

Proof. Obviously ܫ ⊆ ܴ. Now, let ݎ ∈ ܴ. 

Since ܫ ∈ ,ܫ ݎ ⋅ 1 ൌ ݎ ∈ ܴ Thus .ܫ ⊆  .ܫ
Hence ܴ ൌ  .ܫ
Theorem 4.21. Let ܨ be any field. Then the only ideals of ܨ are ሼ0ሽ and ܨ. 

(ie.,) A field has no proper ideals. 

Proof. Let ܫ be an ideal of ܨ. Suppose ܫ ് ሼ0ሽ. 
We shall prove that ܫ ൌ ܫ Since .ܨ ് ሼ0ሽ, there exists an element ܽ ∈ ܽ such that ܫ ് 0. 

Since ܨ is a field ܽ has a multiplicative inverse ܽିଵ ∈  .ܨ

Now, ܽ ∈ and ܽିଵ ܫ ∈ ܨ ⇒ ܽܽିଵ ൌ 1 ∈  .ܫ
Hence by theorem 4.20, ܫ ൌ  .ܨ

Theorem 4.22. Let ܴ be a commutative ring with identity. Then ܴ is a field iff ܴ has no 

proper ideals. 

Proof. If ܴ is a field, by theorem 4.21, ܴ has no proper ideals. 

Conversely, suppose ܴ has no proper ideals. 

To prove that ܴ is a field we need to show that every non-zero element in ܴ has an inverse. 

Let ܽ ∈ ܴ and ܽ ് 0. 

Consider the principal ideal ܴܽ. 

Since ܴ is a ring with identity, ܽ ൌ ܽ ⋅ 1 ∈ ܴܽ. 

∴ ܴܽ ് ሼ0ሽ. Since ܴ has no proper ideals, ܴܽ ൌ ܴ. 

Hence there exists ݔ ∈ ܴ such that ܽݔ ൌ 1. 

Thus ݔ is the inverse of ܽ. Hence ܴ is a field. 

Definition. An integral domain ܴ is said to be a principal ideal domain (PID) if every ideal 

of ܴ is a principal ideal. 

Examples 

 .܈݊ is of the form ܈ is a principal ideal domain since any ideal of ܈ .1
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2. Any field ܨ is a principal ideal domain since the only ideals of ܨ are ( 0 ) and ( 1 ) = ܨ 

(by theorem 4.21). 

Exercises 

1. Show that intersection of two left ideals of a ring ܴ is again a left ideal of ܴ. Prove 

similar results for right ideals and ideals. 

2. Let ܫଵ and ܫଶ be two ideals of ܴ. Let ܫଵ ൅ ଶܫ ൌ ሼܽ ൅ ܾ/ܽ ∈ ,ଵܫ ܾ ∈  ଶሽ. Show thatܫ

ଵܫ ൅  .ܴ ଶ is an ideal ofܫ

3. Determine which of the following statements are true and which are false. 

(a) A subring of a commutative ring is commutative. 

(b) A subring of a ring with identity is again a ring with identity. 

(c) The identity element of a subring is the same as the identity element a the ring. 

(d) The set of all non-singular 2 ൈ d matrices is a subring of ܯଶሺ܀ሻ. 
(e) Every subring of a ring ܴ is an ideal of ܴ. 

(f) Every ideal of a ring ܴ is a subring ܴ݀. 

(g) ܈ is an ideal of ܀. 

(h) ۿ is an ideal of ܀. 

(i) ሼ0,2ሽ is an ideal of ܈ସ. 
(j) ሼ0,1ሽ is an ideal of ܈ସ. 
(k) In a commutative ring every left ideal is a right ideal. 

(l) ܀ has no proper ideals. 

(m) ۿ is a principal ideal domain. 

(n) Z is a principal ideal domain. 

Answers. 

3. (a) T   (b) F  (c)F (d) F (e) F (f) T (g)F (h) F (i) T (j) F (k) T  

    (l) T   (m) T 

(n) T . 
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UNIT V 

 

4.3. Isomorphism  

Definition. Let ሺܴ, ൅,⋅ሻ and ሺܴᇱ, ൅,⋅ሻ be two rings. A bijection ݂: ܴ → ܴᇱ is called an 

isomorphism if 

(i) ݂ሺܽ ൅ ܾሻ ൌ ݂ሺܽሻ ൅ ݂ሺܾሻ and 

(ii) ݂ሺܾܽሻ ൌ ݂ሺܽሻ݂ሺܾሻ for all ܽ, ܾ ∈ ܴ. 

If ݂: ܴ → ܴᇱ is an isomorphism, we say that ܴ is isomorphic to ܴᇱ and we write ܴ ൎ ܴᇱ. 
Note. Let ܴ and ܴᇱ be two rings and ݂: ܴ → ܴᇱ be an isomorphism. Then clearly ݂ is an 

isomorphism of the group ሺܴ,൅ሻ to the group ሺܴᇱ, ൅ሻ. 
Hence ݂ሺ0ሻ ൌ 0ᇱ and ݂ሺെܽሻ ൌ െ݂ሺܽሻ. 
Examples 

1. ݂: ۱ → ۱ defined by ݂ሺݖሻ ൌ  .is an isomorphism. For, clearly ݂ is a bijection ‾ݖ

Also  

			݂ሺݖଵ ൅ ଶሻൌݖ ଵݖ ൅ ଶݖ ൌ ଵݖ ൅ ଶݖ
ൌ ݂ሺݖଵሻ ൅ ݂ሺݖଶሻ, and 

݂ሺݖଵݖଶሻൌ ଶݖଵݖ ൌ ଶݖଵݖ ൌ ݂ሺݖଵሻ݂ሺݖଶሻ.
 

2. Let ۱ be the ring of complex numbers. Let ܵ be the set of all matrices of the form 

ቀ ܽ ܾ
െܾ ܽቁ where ܽ, ܾ ∈  Then ܵ is a ring under matrix addition and matrix .܀

multiplication. Refer example 14 in 4.1. Now the mapping ݂: ۱ → ܵ defined by ݂ሺܽ ൅
ܾ݅ሻ ൌ ቀ ܽ ܾ

െܾ ܽቁ is an isomorphism. 

Clearly ݂ is a bijection. Now let ݔ ൌ ܽ ൅ ܾ݅ and ݕ ൌ ܿ ൅ ݅݀. 

 

Similarly, ݂ሺݕݔሻ ൌ ݂ሺݔሻ݂ሺݕሻ.  
3. The groups ሺ܈,൅ሻ and ሺ2܈,൅ሻ are isomorphic under the map ݂: ܈ →  given by ,܈2

݂ሺݔሻ ൌ  .ݔ2

However ݂ is not an isomorphism of the ring ሺܼ,൅ሻ to ሺ2ܼ,൅,⋅ሻ since ݂ሺݕݔሻ ൌ  and ݕݔ2

݂ሺݔሻ݂ሺݕሻ ൌ ݕ2ݔ2 ൌ ሻݕݔso that ݂ሺ ݕݔ4 ് ݂ሺݔሻ݂ሺݕሻ. 
In fact there is no isomorphism between the rings ሺ܈,൅,⋅ሻ and ሺ2܈,൅,⋅ሻ (verify). 

Exercises 
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1. In ૛܈ we define ࢇ ∗ ࢈ ൌ ଵ
ଶ࢈ࢇ. Show that ሺ2ܼ௧൅,∗ሻ is a ring isomorphic to ሺܼ,൅,⋅ሻ. 

2. Let ܵ be the set of all matrices of the form ቀܽ 0
0 0ቁ where ܽ ∈ :݂ Show that .܀ ܀ →  ݏ

given by ݂ሺܽሻ ൌ ቀܽ 0
0 0ቁ is an isomorphism. 

3. Verify whether ݂:܀ → ሻݔgiven by ݂ሺ ܀ ൌ െݔ is an isomorphism. 

 

4.8. Quotient rings 

Let ܴ be a ring. Let ሺܫ,൅ሻ be a subgroup of ሺܴ,൅ሻ.  
Since addition is commutative in ܴ,  . is a normal subgroup of ( ܴ,൅ ) ܫ

ܫ/ܴ  ൌ ሼܫ ൅ ܽ/ܽ ∈ ܴሽ is a group under the operation defined by  

ሺܫ ൅ ܽሻ ൅ ሺܫ ൅ ܾሻ ൌ ܫ ൅ ሺܽ ൅ ܾሻ.  
To make ܴ/ܫ a ring,  define a multiplication in ܴ/ܫby  ሺܫ ൅ ܽሻሺܫ ൅ ܾሻ ൌ ܫ ൅ ܾܽ.  

But we have to prove that this multiplication is well defined (ie.,) it is independent of the 

choice of the representatives from the casets. We shall prove that this happens iff I is an 

ideal. 

Theorem 4.23. Let ܴ be a ring and ܫ be a subgroup of ( ܴ,൅ ). The multiplication in ܴ/ܫ 
given by 

ሺܫ ൅ ܽሻሺܫ ൅ ܾሻ ൌ ܫ ൅ ܾܽ is well defined iff ܫ is an ideal of ܴ. 

Proof. Let ܫ be an ideal of ܴ. 

To prove multiplication is well defined, 

let ܫ ൅ ܽூ ൌ ܫ ൅ ܽ and ܫ ൅ ܾூ ൌ ܫ ൅ ܾ. 

Then ܽଵ ∈ ܫ ൅ ܽ and ܾଵ ∈ ܫ ൅ ܾ. 

ܽଵ ൌ ݅ଵ ൅ ܽ and ܾଵ ൌ ݅ଶ ൅ ܾ where ݅ଵ, ݅ଶ ∈   .ܫ
Hence ܾܽଵ ൌ ሺ݅ଵ ൅ ܽሻሺ݅ଶ ൅ ܾሻ ൌ ݅ଵ݅ଶ ൅ ݅ଵܾ ൅ ܽ݅ଶ ൅ ܾܽ. 

Now since ܫ is an ideal we have ݅ଵ݅ଶ, ݅ଵܾ, ܽ݅ଶ ∈  .ܫ
Hence ܽଵܾଵ ൌ ݅ଷ ൅ ܾܽ where ݅ଷ ൌ ݅ଵ݅ଶ ൅ ݅ଵܾ ൅ ܽ݅ଶ ∈ ∴ .ܫ ܽଵܾଵ ∈ ܫ ൅ ܾܽ.  

Hence ܫ ൅ ܾܽ ൌ ܫ ൅ ܽଵܾଵ. 

Conversely suppose that the multiplication in ܴ/ܫ given by ሺܫ ൅ ܽሻሺܫ ൅ ܾሻ ൌ ܫ ൅ ܾܽ is 

well defined. 

To prove that ܫ is an ideal of ܴ. 
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Let ݅ ∈ ∗ݎ and ܫ ∈ ܴ. We have to prove that ݅ݎ, ݅ݎ ∈  .ܫ
Now, ܫ ൅ ir ൌ ሺܫ ൅ ݅ሻሺܫ ൅ ሻݎ ൌ ሺܫ ൅ 0ሻሺܫ ൅ ሻݎ ൌ ܫ ൅ ݎ0 ൌ  .ܫ
∴	 ir ∈ ݅ݎ ,Similarly .ܫ ∈  .ܫ
Hence ܫ is an ideal. 

Definition. Let ܴ be any ring and ܫ be an ideal of ܴ. We have two well defined binary 

operations in ܴ/ܫ given by 

 ሺܫ ൅ ܽሻ ൅ ሺܫ ൅ ܾሻ ൌ ܫ ൅ ሺܽ ൅ ܾሻ and  

ሺܫ ൅ ܽሻሺܫ ൅ ܾሻ ൌ ܫ ൅ ܾܽ.  

It is easy to verify that ܴ/ܫ is a ring under these operations. 

The ring ܴ/ܫ is called the quotient ring of ܴ modulo I. 

Examples 

1. The subset ܫ ൌ ሼ0,3ሽ of ܈଺ is an ideal  

 ܼ଺/ܫ ൌ ሼܫ, ܫ ൅ 1, ܫ ൅ 2ሽ is a ring isomorphic to ܼଷ. 

Here ܈଺ is not an integral domain but the quotient ring ܈଺/ܫ is an integral domain. 

2. The subset ܈݌ where ݌ is prime is an ideal of the ring ܈. 

܈݌/܈ ൌ ሺ܈݌,܈݌ ൅ 1…… ܈݌, ൅ ሺ݌ െ 1ሻሻ. It is easy to see that the ring ܈݌/܈ ≏  ௣. Here Z܈

is an integral demain but not a field whereas Z/pZ is a field. 

Exercises 

1. Determine which of the following statements are true and which are false. 

Let ܴ be a ring and ܫ an ideal of ܴ. Then, 

(a) ܴ is commutative ⇒  .is commutative ܫ/ܴ

(b) ܴ/ܫ is commutative ⇒ ܴ is commutative. 

(c) ܴ is a ring with identity ⇒  .is a ring with identity ܫ/ܴ

(d) ܴ/ܫ is a ring with identity ⇒ ܴ is a ring with identity. 

(e) ܴ is an integral domain ⇒  .is an integral domain ܫ/ܴ

(f) ܴ/ܫ is an integral domain ⇒ ܴ is an integral domain. 

(g) ܴ is a field ⇒  .is a field ܫ/ܴ

(h) ܴ/ܫ is a field ⇒ ܴ is a field. 

Answers. 

1. (a) T  (b) F (c) T (d) F (e) F (f) F  (g) F  (h) F 
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4.9. Maximal and prime ideals 

Definition. Let ܴ be a ring. An ideal ܯ ് ܴ is said to be a maximal ideal of ܴ if whenever 

ܷ is an ideal of ܴ such that ܯ ⊆ ܷ ⊆ ܴ then either ܷ ൌ ܷ or ܯ ൌ ܴ.  

That is, there is no proper ideal of ܀ properly containing ܯ.ܯ ⊆ ܷ ⊆ ܴ ⇒ ܷ ൌ  ܯ

Examples 

1. (2) is a maximal ideal in ܈. For, let ܷ be an ideal properly containing (2). 

∴ 	ܷ contains an odd integer say, 2݊ ൅ 1. 

∴ 	1 ൌ ሺ2݊ ൅ 1ሻ െ 2݊ ∈ ܷ. 

∴ 	ܷ ൌ  .(by theorem 4.20) ܈

Thus there is no proper ideal of ܈ properly containing (2). Hence (2) is a maximal ideal of 

 .܈

2. Let ݌ be any prime. Then ( ݌ ) is maximal ideal in ܈. 

Let ܷ be any ideal of ܈ such that ሺ݌ሻ ⊆ ܷ. Since every ideal of ܈ is a principal ideal 

ܷ ൌ ሺ݊ሻ for some ݊ ∈  .܈

Now, ݌ ∈ ሺ݌ሻ ⊆ ܷ ⇒ ݌ ∈ ܷ ൌ ሺ݊ሻ. 
            ∴ ݌	 ൌ ݊݉ for some integer ݉. 

            Since ݌ is prime either ݊ ൌ 1 or ݊ ൌ  .݌

           Suppose ݊ ൌ 1. Then ܷ ൌ  .܈

         Suppose ݊ ൌ ܷ Then .݌ ൌ ሺ݌ሻ. 
∴ There is no proper ideal of ܈ properly containing ( ݌ ). Hence ( ݌ ) is a maximal ideal in 

 .܈

3. (4) is not a maximal ideal in ܈. For, (2) is proper ideal of ܈ properly containing (4). 

 

Theorem 4.24. Let ܴ be a commutative ring identity. An ideal ܯ of ܴ is maximal iff 

 .௜௝ fieldܯ/ܴ

Proof. Let ܯ be a maximal ideal in ܴ. 

Since ܴ is a commutative ring with identity and ܯ ്  is also a commutative ring ܯ/ܴ,ܴ

with identity. 

Now, let ܯ൅ ܽ be a non-zero element in ܴ/M such that ܽ ∉  We shall now prove that .ܯ

ܯ ൅ ܽ has multiplicative inverse in ܴ/ܯ. 
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Let ܷ ൌ ሼܽݎ ൅ ݎ/݉ ∈ ܴ and ݉ ∈  .ሽܯ
We claim that ܷ in an ideal of ܴ. 

ሺݎଵܽ ൅݉ଵሻ െ ሺݎଶܽ ൅݉ଶሻ ൌ ሺݎଵ െ ଶሻܽݎ ൅ ሺ݉ଵ െ݉ଶሻ ∈ U 

Also, ݎሺݎଵܽ ൅݉ଵሻ ൌ ሺݎݎଵሻܽ ൅ ଵ݉ݎ ∈ ܷ (since ݉ݎଵ ∈  .( ܯ

∴ 	ܷ is an ideal of ܴ. 

Now, let ݉ ∈ ݉ Then .ܯ ൌ 0ܽ ൅ ݉ ∈ ܷ. 

∴ ܯ	 ⊆ ܷ. 

Also ܽ ൌ 1ܽ ൅ 0 ∈ ܷ and ܽ ∉  .ܯ

∴ ܯ	 ് ܷ. 

∴ 	ܷ is an ideal of ܴ properly containing ܯ. 

But ܯ is a maximal ideal of ܴ. 

∴ 	ܷ ൌ ܴ. Hence 1 ∈ ܷ. 

∴ 	1 ൌ ܾܽ ൅ ݉ for some ܾ ∈ ܴ. 

Now, M+1=M+ba+m=M+ba (since m∈M) 

                  = (M+b)(M+a) 

Hence ܯ ൅ ܾ is the inverse of ܯ ൅ ܽ. 

Thus every non-zero element of ܴ/ܯ h inverse. 

Hence ܴ/ܯ is a field. 

Conversely, suppose ܴ/ܯ is a field. 

Let ܷ be any ideal of ܴ properly containing ܯ. 

∴ There exists an element ܽ ∈ ܷ such that ܽ ∉  .ܯ

∴ ܯ	 ൅ ܽ is a non-zero element of ܴ/ܯ. 

Since ܴ/ܯ is a field ܯ ൅ ܽ has an inverse, say ܯ ൅ ܾ. 

∴ ሺܯ ൅ ܽሻሺܯ ൅ ܾሻ ൌ ܯ ൅ 1. 

∴ ܯ	 ൅ ܾܽ ൌ ܯ ൅ 1. 

∴ 	1 െ ܾܽ ∈  .ܯ

But ܯ ⊆ ܷ. Hence 1 െ ܾܽ ∈ ܷ. 

Also ܽ ∈ ܷ ⇒ ܾܽ ∈ ܷ. 

∴ 	1 ൌ ሺ1 െ ܾܽሻ ൅ ܾܽ. ∈ ܷ. Thus 1 ∈ ܷ. 

∴ 	ܷ ൌ ܴ. Thus there is no proper ideal of ܴ properly containing ܯ. Hence ܯ is a maximal 

ideal in ܴ. 
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Definition. Let ܴ be a commutative ring. An ideal ܲ ് ܴ is called a prime ideal if 

ܾܽ ∈ ܲ ⇒ either ܽ ∈ ܲ or ܾ ∈ ܲ. 

Examples 

1. Let ܴ be an integral domain. Then ( 0 ) is a prime ideal of ܴ. 

For, ܾܽ ∈ ሺ0ሻ ⇒ ܾܽ ൌ 0 

⇒ ܽ ൌ 0 or ܾ ൌ 0ሺ since ܴ is an I.D.) 
⇒ ܽ ∈ ሺ0ሻ or ܾ ∈ ሺ0ሻ.  

2. (3) is a prime ideal of ܈. 

           For, ܾܽ ∈ ሺ3ሻ ⇒ ܾܽ ൌ 3݊ for some integer ݊. 

											
⇒ 3 ∣ ܾܽ
⇒ 3 ∣ ܽ or 3 ∣ ܾ
⇒ ܽ ∈ ሺ3ሻ or ܾ ∈ ሺ3ሻ.

 

															∴ (3) is a prime ideal. 

Note. In fact for any prime number ݌, the ideal ( ݌ ) is a prime ideal in ܈. 

         (4) is not a prime ideal in ܈ since 2 ൈ 2 ∈ ሺ4ሻ. But 2 ∉ ሺ4ሻ. 
 

Theorem 4.25. Let ܴ be any commutative ring with identity. Let ܲ be an ideal of ܴ. Then 

ܲ is a prime ideal ⇔ ܴ/ܲ is an integral domain. 

Proof. Let ܲ be a prime ideal. 

Since ܴ is a commutative ring with identity ܴ/ܲ is also commutative ring with identity. 

 Now, ሺܲ ൅ ܽሻሺܲ ൅ ܾሻ ൌ ܲ ൅ 0 

⇒ ܲ ൅ ܾܽ ൌ ܲ 

⇒ ܾܽ ∈ ܲ 

⇒ ܽ ∈ ܲ or ܾ ∈ ܲሺ since ܲ is a prime ideal ሻ 
⇒ ܲ ൅ ܽ ൌ ܲ or ܲ ൅ ܾ ൌ ܲ 

Thus ܴ/ܲ has no zero divisors. 

∴ 	ܴ/ܲ is integral domain. 

Conversely, suppose ܴ/ܲ is an integral domain. 

We claim that ܲ is a prime ideal of ܴ. 

Let ܾܽ ∈ ܲ. Then ܲ ൅ ܾܽ ൌ ܲ. 

∴ 	 ሺܲ ൅ ܽሻሺܲ ൅ ܾሻ ൌ ܲ. 

∴ 	ܲ ൅ ܽ ൌ ܲ or ܲ ൅ ܾ ൌ ܲ. (since ܴ/ܲ has no zero-divisors) 
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∴ 	ܽ ∈ ܲ or ܾ ∈ ܲ. 

∴ 	ܲ is a prime ideal of ܴ. 

Corollary. Let ܴ be a commutative ring with identity. Then every maximal ideal of ܴ is a 

prime ideal of ܴ. 

Proof. Let ܯ be a maximal ideal of ܴ. 

∴  is a field. (by theorem 4.24) ܯ/ܴ	

∴  is an integral domain. (by theorem 4.8) ܯ/ܴ

∴  is a prime ideal. (by theorem 4.25) ܯ	

Note. The converse of the above statement is not true. For example, ( 0 ) is a prime ideal 

of ܈ but not a maximal ideal of ܈. 

Exercises 

1. Prove that in (6) ,܈ is not a maximal ideal. 

2. Prove that for any composite number ݊, the ideal ( ݊ ) is not a maximal ideal of ܈. 

3. Prove that ( ݊ ) is a maximal ideal in ܈ iff ݊ is a prime number. 

4. Prove that (4) is a maximal ideal but not a prime ideal in the ring of even integers. 

5. Find all prime ideals and maximal ideals of ܈ଵଶ. 
6. Let ܴ be a finite commutative ring with identity. Prove that every prime ideal of ܴ is a 

maximal ideal of ܴ. 

Answers. 

5.(2) and (3) are prime ideals and also maximal ideals. 

4.10. Homomorphism of rings 

Definition. Let ܴ and ܴᇱ be rings. A function ݂: ܴ → ܴᇱ is called a homomorphism if 

(i) ݂ሺܽ ൅ ܾሻ ൌ ݂ሺܽሻ ൅ ݂ሺܾሻ and 

(ii) ݂ሺܾܽሻ ൌ ݂ሺܽሻ݂ሺܾሻ for all ܽ, ܾ ∈ ܴ. 

If ݂ is 1 െ 1, then ݂ is called a monomorphism. If ݂ is onto, then ݂ is called an 

epimorphism. A homomorphism of a ring onto itself is called an endomorphism. 

Note. 

1. Obviously an isomorphism of a ring is a homomorphism and a 1 െ 1, onto 

homomorphism is an isomorphism. 

2. Condition (i) of ring homomorphism says that ݂ is a group homomorphism from the 

additive group ( ܴ,൅ ) to the additive group ( ܴᇱ, ൅ ). 
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Examples 

1. ݂: ܴ → ܴᇱ defined by ݂ሺܽሻ ൌ 0 for all ܽ ∈ ܴ is obviously a homorphism. ݂ is called 

the trivial homomorphism. 

2. Let ܴ be any ring. The identity map ݅: ܴ → ܴ is obviously a homomorphism. 

3. Let ܴ be any ring. ݂: ܴ ൈ ܴ → ܴ given by ݂ሺݔ, ሻݕ ൌ  .is a ring homomorphism ݔ

For, 

													݂ሾሺܽ, ܾሻ ൅ ሺܿ, ݀ሻሿൌ ݂ሺܽ ൅ ܿ, ܾ ൅ ݀ሻ ൌ ܽ ൅ ܿൌ ݂ሺܽ, ܾሻ ൅ ݂ሺܿ, ݀ሻ  

           Also, ݂ሾሺܽ, ܾሻሺܿ, ݀ሻሿ ൌ ݂ሺܽܿ, ܾ݀ሻ ൌ ܽܿ ൌ ݂ሺܽ, ܾሻ݂ሺܿ, ݀ሻ 
4. ݂: ܈ → ሻݔ௡ defined by ݂ሺ܈ ൌ ݔ where ݎ ൌ ݊ݍ ൅ ,ݎ 0 ൑ ݎ ൏ ݊ is a homomorphism. 

For, let ܽ, ܾ ∈  .܈

Let ܽ ൌ ଵ݊ݍ ൅ ଵ where 0ݎ ൑ ଵݎ ൏ ݊, ܾ ൌ ଶ݊ݍ ൅ ଶ where 0ݎ ൑ ଶݎ ൏ ݊, 

ଵݎ ൅ ଶݎ ൌ ଷ݊ݍ ൅ ଷ where 0ݎ ൑ ଷݎ ൏ ݊, and ݎଵݎଶ ൌ ସ݊ݍ ൅ ସ where 0ݎ ൑ ସݎ ൏ ݊. 

Now, 

													ሺܽ ൅ ܾሻൌ ሺݍଵ ൅ ଶሻ݊ݍ ൅ ଵݎ ൅ ଶൌݎ ሺݍଵ ൅ ଶݍ ൅ ଷሻ݊ݍ ൅  .ଷݎ
										∴ ݂ሺܽ ൅ ܾሻ ൌ ଷݎ ൌ ଶݎ⊕ଵݎ ൌ ݂ሺܽሻ ⊕ ݂ሺܾሻ. 
         Also, 

																			
ܾܽൌ ሺݍଵ݊ ൅ ଶ݊ݍଵሻሺݎ ൅ ଶሻݎ
ൌ ݊ሺݍଵݍଶ݊ ൅ ଶݍଵݎ ൅ ଵሻݍଶݎ ൅ ଶݎଵݎ
ൌ ݊ሺݍଵݍଶ݊ ൅ ଶݍଵݎ ൅ ଵݍଶݎ ൅ ସሻݍ ൅ ସݎ

∴	݂ሺܾܽሻ ൌ ସݎ ൌ ଶݎ⊙ଵݎ ൌ ݂ሺܽሻ ⊙ ݂ሺܾሻ
 

          Hence ݂ is a homomorphism. 

5. Let ܴ be a ring and ܫ be an ideal of ܴ. Then Φ: ܴ → ሻݔdefined by Φሺ ܫ/ܴ ൌ ܫ ൅  is ݔ

ring  homomorphism. Φ is called the natural homomorphism. 

Φሺݔ ൅ ሻൌݕ ܫ ൅ ሺݔ ൅ ሻݕ
ൌ ሺܫ ൅ ሻݔ ൅ ሺܫ ൅ ሻݕ
ൌ Φሺݔሻ ൅ Φሺݕሻ.

 

Φሺݕݔሻൌ ܫ ൅ ݕݔ
ൌ ሺܫ ൅ ܫሻሺݔ ൅ ሻݕ
ൌ ΦሺݔሻΦሺݕሻ.

 

Hence Φ is a ring homomorphism. 
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Theorem 4.26. Let ܴ and ܴᇱ be rings and ݂: ܴ → ܴᇱ tee a homomorphism. Then, 

(i) ݂ሺ0ሻ ൌ 0ᇱ 
(ii) ݂ሺെܽሻ ൌ െ݂ሺܽሻ for all ܽ ∈ ܴ. 

(iii) If ܵ is a subring of ܴ, then ݂ሺܵሻ is a subring of ܴᇱ. In particular ݂ሺܴሻ is a subring of 

ܴᇱ. 
(iv) If ܵ is an ideal of ܴ, then ݂ሺܵሻ is an ideal of ݂ሺܴሻ. 
(v) If ܵᇱ is a subring of ܴᇱ, then ݂ିଵሺܵᇱሻ is a subring of ܴ. 

(vi) If ܵᇱ is an ideal of ݂ሺܴሻ, then ݂ିଵሺܵᇱሻ is an ideal of ܴ. 

(vii) If ܴ is a ring with identity 1 and ݂ሺ1ሻ ് 0ᇱ, then ݂ሺ1ሻ ൌ 1ᇱ is the identity of ݂ሺܴሻ. 
(viii) If ܴ is a commutative ring then ݂ሺܴሻ is also commutative. 

Proof. Since ݂ is a homomorphism of the group ሺܴ,൅ሻ to ሺܴᇱ, ൅ሻ, the results (i) and (ii) 

follow from Theorem 3.55 

(iii) Since ܵ is a subring of ܴ, ሺܵ, ൅ሻ is a subgroup of ( ܴ,൅ ) . 

 Hence ݂ሺܵሻ is a subgroup of ( ܴᇱ, ൅ ). 

Now, let ܽᇱ, ܾᇱ ∈ ݂ሺܵሻ. 
Then ܽᇱ ൌ ݂ሺܽሻ and ܾᇱ ൌ ݂ሺܾሻ for some ܽ, ܾ ∈ ܵ. 

∴ 	ܽᇱܾᇱ ൌ ݂ሺܽሻ݂ሺܾሻ ൌ ݂ሺܾܽሻ ∈ ݂ሺܵሻ. 
Hence ݂ሺܵሻ is a subring of ܴᇱ. 
(iv) Let ܵ be an ideal of ܴ. 

To prove that ݂ሺܵሻ is an ideal of ݂ሺܴሻ it is enough if we prove that ݎᇱ ∈ ݂ሺܴሻ and 

ܽᇱ ∈ fሺܵሻ ⇒ ᇱݎᇱܽᇱ and ܽᇱݎ ∈ ݂ሺܵሻ. 
Let ݎᇱ ൌ ݂ሺݎሻ and ܽᇱ ൌ ݂ሺܽሻ where ݎ ∈ ܴ and ܽ ∈ ܵ. 

Now, since ܵ is an ideal of ܴ, ݎܽ and ܽݎ ∈ ܵ. 

Hence ݂ሺܽݎሻ ൌ ݂ሺݎሻ݂ሺܽሻ ൌ ᇱܽᇱݎ ∈ ݂ሺܵሻ. 
Similarly ܽᇱݎᇱ ∈ ݂ሺܵሻ. 
Hence ݂ሺܵሻ is an ideal of ݂ሺܴሻ. 
(v) Let ܵᇱ be a subring of ܴᇱ. Since ሺܵᇱ, ൅ሻ is a subgroup of ሺܴᇱ, ൅ሻ, ݂ିଵሺܵᇱሻ is a subgroup 

of ( ܴ,൅ ). 

Now, let ܽ, ܾ ∈ ݂ିଵሺܵᇱሻ. 
Then ݂ሺܽሻ, ݂ሺܾሻ ∈ ܵᇱ. 
∴ 	݂ሺܾܽሻ ൌ ݂ሺܽሻ݂ሺܾሻ ∈ ܵᇱ (since ܵᇱ is a subring of ܴ ). 
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∴ 	ܾܽ ∈ ݂ିଵሺܵᇱሻ. 
Hence ݂ିଵሺܵᇱሻ is a subring of ܴ. 

(vi) Proof is similar to that of (v). 

(vii) Let ܴ be a ring with identity l. Let ܽᇱ ∈ ݂ሺܴሻ. 
Then ܽᇱ ൌ ݂ሺܽሻ for some ܽ ∈ ܴ. 

Now, ܽᇱ݂ሺ1ሻ ൌ ݂ሺܽሻ݂ሺ1ሻ ൌ ݂ሺܽ1ሻ ൌ ݂ሺܽሻ ൌ ܽᇱ. 
Similarly, ݂ሺ1ሻܽᇱ ൌ ܽᇱ. Also ݂ሺ1ሻ ് 0. 

Hence ݂ሺ1ሻ is the identity of ݂ሺܴሻ. 
(viii) Proof is left to the reader. 

Definition. The kernel ܭ of a homomorphism ݂ of a ring ܴ to a ring ܴᇱ is defined by 

ሼܽ/ܽ ∈ ܴ and ݂ሺܽሻ ൌ 0ሽ. 
Theorem 4.27. Let ݂: ܴ → ܴᇱ be a homomorphism. Let ܭ be the kernel of ݂. Then ܭ is an 

ideal of ܴ. 

Proof. By definition, ܭ ൌ ݂ିଵሺሺ0ሻሻ. 
Since ሼ0ሽ as an ideal of ݂ሺܴሻ, by (vi) of theorem 4.26, ܭ is an ideal of ܴ. 

Theorem 4.28. (The fundamental theorem of homomorphism) 

Let ܴ and ܴᇱ be rings and ݂: ܴ → ܴᇱ be an epimorphism. Let ܭ be the kernel of ݂. Then 

ܭ/ܴ ൎ ܴᇱ. 
Proof. Define Φ: ܭ/ܴ → ܴᇱ by Φሺܭ ൅ ܽሻ ൌ ݂ሺܽሻ. 
(i) To prove Φ is well defined,  

     Let ܭ ൅ ܾ ൌ ܭ ൅ ܽ. Then ܾ ∈ ܭ ൅ ܽ. 

					∴ ܾ ൌ ݇ ൅ ܽ where ݇ ∈  .ܭ
∴ ݂ሺܾሻൌ ݂ሺ݇ ൅ ܽሻ ൌ ݂ሺ݇ሻ ൅ ݂ሺܽሻ

ൌ 0 ൅ ݂ሺܽሻ ൌ ݂ሺܽሻ
∴ 	Φሺܭ ൅ ܾሻൌ ݂ሺܾሻ ൌ ݂ሺܽሻ ൌ Φሺܭ ൅ ܽሻ

 

(ii) To prove Φ is 1-1 

    ߶ሺܭ ൅ ܽሻ ൌ ߶ሺܭ ൅ ܾሻ ⇒ ݂ሺܽሻ ൌ ݂ሺܾሻ 

			

⇒ ݂ሺܽሻ െ ݂ሺܾሻ ൌ 0
⇒ ݂ሺܽሻ ൅ ݂ሺെܾሻ ൌ 0
⇒ ݂ሺܽ െ ܾሻ ൌ 0
⇒ ܽ െ ܾ ∈ ܭ
⇒ ܽ ∈ ܭ ൅ ܾ
⇒ ܭ ൅ ܽ ൌ ܭ ൅ ܾ
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(iv) To prove Φ  is onto 

 Let ܿᇱ ∈ ܴᇱ. Since ݂ is omo, there exists ܽ ∈ ܴ such that ݂ሺܽሻ ൌ ܽᇱ. Hence ߶ሺܭ ൅ ܽሻ ൌ
݂ሺܽሻ ൌ ܽᇱ. 
(iv) To prove Φ is homomorphism 

					
Φሾሺܭ ൅ ܽሻ ൅ ሺܭ ൅ ሿൌܤ Φሾܭ ൅ ሺܽ ൅ ܾሻሿ

ൌ ݂ሺܽ ൅ ܾሻ
ൌ ݂ሺܽሻ ൅ ݂ሺܾሻ	ሺsince	f	is	homomorphismሻ

		 

									ൌ Φሺܭ ൅ ܽሻ ൅ Φሺܭ ൅ ܾሻ. 
and Φሾሺܭ ൅ ܽሻሺܭ ൅ ܾሻሿ ൌ Φሺܭ ൅ ܾܽሻ= f(ab)= f(a) f(b)=	ΦሺK ൅ aሻΦሺK ൅ bሻ 

Hence Φ is an isomorphism. 

Hence 
ோ

௄ ≅ ܴᇱ 
Solved Problems 

Problem 1. The homomorphic image of an integral domain need not be an integral 

domain. 

Solution.݂:܈ → defined by ݂ሺܽሻ ܈ ൌ ܽ where ݎ ൌ ݍ4 ൅ ,ݎ 0 ൑ ݎ ൏ 4 is a homomorphism 

of ܼସ onto ܼସ. Here ܼ is an integral domain and ܼସ is not me instral damain since 2 

⨀2 ൌ 0 

 

Problem 2. Any homomorphism of a field to itself is either one-one or maps every element 

to 0 Solution. Let ܨ be a field and ݂:ܨ →  .݂ be the kernel of ܭ be a by-omophism. Let ܨ

Then ܭ is an ideal of ܨ. By theorem 4.21, ܭ ൌ ሼ0ሽ or ܭ ൌ  .ܨ

If ܭ ൌ ሾ0ሿ then ݂ is 1 െ 1. 

If ܭ ൌ then ݂ሺܽሻ .ܨ ൌ 0 for all ܽ ∈  .ܨ

 

Exercises 

1. If ܴ, ܴᇱ, ܴᇱᇱ are rings and if ݂: ܴ → ܴᇱ and ݃: ܴᇱ → ܴᇱᇱ are homomorphisms, then 

݃ ∘ ݂: ܴ → ܴᇱᇱ is a homomorphism. 

2. Let ܴ, ܴᇱ be rings and ݂: ܴ → ܴᇱ be a epimorphism. Then if ܴ is a skew field, so is ܴᇱ. 
3. Determine which of the following are homomorphisms. If so find the kernel. 
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(a) ݂: ۱ → ۱ defined by ݂ሺݖሻ ൌ  ‾ݖ
(b) ݂:܈ → defined by ݂ሺܽሻ ܈ ൌ 2ܽ. 

(c) Let ܴ ൌ ሺ݉ ൅ ݊√2/݉, ݊ ∈        .ሻ.ܴ is a ring under usual addition and multiplication܈

       Define ݂: ܴ → ܴ by ݂ሺ݉ ൅ ݊√2ሻ ൌ ݉ െ ݊√2. 

(d) ݂: ۱ → ሻ defined by ݂ሺܽ܀ଶሺܯ ൅ ܾ݅ሻ ൌ ቀ ܽ ܾ
െܾ ܽቁ. 

(e) ݂:܈ → ,௡܈ ݂ as defined in example 4 of section 4.10. 

(f) ݂:܈ → ሻݔdefined by ݂ሺ ܈ ൌ ଶݔ ൅ 3 

4. Determine which of the following are true and which are false. 

(a) Every homomorphism is an isomorphism. 

(b) Every isomorphism is a homomorphism. 

(c) A homomorphism is 1-1 iff its kernel is ሼ0ሽ. 

(d) In a ring homomorphism, identity element is mapped into identity. 

(e) A homomorphic image of an integral domain is an integral domain. 

(f) A homomorphic image of a skewfield is a skewfield. 

(g) Homomorphic image of a field is a field. 

(h) If ݂: ܴ → ܴᇱ is a homomorphism and ܴ is commutative then ܴᇱ is commutative. 

Answers. 

3. (a) Ker݂ ൌ ሼ0ሽ   (b) Not a homomorphism 

    (c) Ker݂ ൌ Ker݂ (d)                     0ۧۦ ൌ ሼ0ሽ 

    (e) Ker݂ ൌ  .Not a homomorphism (f)																								܈݊

4. (a) F  (b) T (c) T (d) F (e) F (f) F (g) F  (h) F . 

 

4.11. Field of quotients of an integral domain 

 

The construction of the quotient field of an integral domain : 

Every element of ۿ can be expressed as a quotient ݍ/݌ where ݍ,݌ ∈ ݍ and ܈ ് 0. Further 

the two fractions 2/3 and 4/6 represent the same rational number.  

In general, two fractions ܽ/ܾ and ܿ/݀. where ܾ, ݀ ് 0 represent the same rational number 

iff ܽ݀ ൌ ܾܿ. Also ሺܽ/ܾሻ ൅ ሺܿ/݀ሻ ൌ ሺܽ݀ ൅ ܾܿሻ/ܾ݀ and ሺܽ/ܾሻሺܿ/݀ሻ ൌ ܽܿ/ܾ݀. The 

elements of ܈ can be thought of as fractions of the form ܽ/1. 
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The construction of the field of quotients ܨ of an integral domain ܦ is carried out in the 

following four stages 

(i) Specify the elements of ܨ. 

(ii) Define addition and multiplication in ܨ. 

(iii) Show that ܨ is a field under these operations. 

(iv) ܦ can be embedded in ܨ. 

Stage (i) Let ܦ be an integral domain. 

Let ܵ ൌ ሼሺܽ, ܾሻ/ܽ, ܾ ∈ ܾ and ܦ ് 0ሽ. 

The ordered pair ሺܽ, ܾሻcan be  represent as a formal quotient ܽ/ܾ. 

 For example, if ܦ ൌ  .the pair ሺ1,2ሻ will eventually represent the fraction 1/2 ,܈

Definition. Two elements ሺܽ, ܾሻ and ሺܿ, ݀ሻ ∈ ܵ are defined to be equivalent iff ܽ݀ ൌ ܾܿ. If 
ሺܽ, ܾሻ is equivalent to ሺܿ, ݀ሻ we write ሺܽ, ܾሻ ∼ ሺܿ, ݀ሻ. 
Lemma 1. ∼ is an equivalence relation in ܵ. 

Proof. Let ሺܽ, ܾሻ ∈ ܵ. 

ሺܽ, ܾሻ ∼ ሺܽ, ܾሻ since ܾܽ ൌ ܾܽ ൌ ܾܽ. 

Hence ∼ is reflexive. 

Now, ሺܽ, ܾሻ ∼ ሺܿ, ݀ሻ ⇒ ܽ݀ ൌ ܾܿ ⇒ ܾܿ ൌ ݀ܽ ⇒ ሺܿ, ݀ሻ ∼ ሺܽ, ܾሻ. 
Hence ∼ is symmetric. 

Now, let ሺܽ, ܾሻ ∼ ሺܿ, ݀ሻ and ሺܿ, ݀ሻ ∼ ሺ݁, ݂ሻ. 
Now to prove that ሺܽ, ܾሻ ∼ ሺ݁, ݂ሻ we must prove that ݂ܽ ൌ ܾ݁. 

Case (i) Let ܿ ൌ 0. Now, ܽ݀ ൌ ܾܿ and ݂ܿ ൌ ݀݁. 

∴ 	ܽ݀ ൌ 0 and ݀݁ ൌ 0. 

But ݀ ് 0. Hence ܽ ൌ 0 and ݁ ൌ 0. 

∴ 	݂ܽ ൌ ܾ݁ ൌ 0. 

Case(ii) Let ܿ ് 0. 

We have ܽ݀ ൌ ܾܿ and ݂ܿ ൌ ݀݁. 

∴ 	݂ܽ݀ܿ ൌ ܾܿ݀݁. 

∴ 	݂ܽ ൌ ܾ݁ (by cancellation law) 

∴	∼ is transitive. 

Hence ∼ is an equivalence relation on ܵ. 

Consider the equivalence class containing ( ܽ, ܾ ).  Let it be denoted by 
௔
௕.  
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Let ܨ ൌ ቄ௔௕ /ሺܽ, ܾሻ ∈ ܵቅ. 
Stage (ii) Let 

௔
௕ ,

௖

ௗ ∈   .ܨ

Define 
௔
௕ ൅

௖

ௗ ൌ
௔ௗା௕௖

௕ௗ  and 
௔
௕ ⋅

௖

ௗ ൌ
௔௖
௕ௗ. 

Since ܦ is an integral domain and ܾ, ݀ ് 0, we have ܾ݀ ് 0. 

∴ 	
ܽ݀ ൅ ܾܿ
ܾ݀  and 

ܽܿ
ܾ݀ ∈  .ܨ

Lemma 2. Addition and multiplication defined above are well defined. 

Proof. Let ሺܽଵ, ܾଵሻ ∈ ௔
௕ and ሺܿଵ, ݀ଵሻ ∈ ௖

ௗ. 

ܽଵܾ ൌ ܾଵܽ and ܿଵ݀ ൌ ݀ଵܿ.............(1) 

ܽଵܾ݀݀ଵ ൌ ܾଵܽ݀݀ଵ and ܿଵܾܾ݀ଵ ൌ ݀ଵܾܾܿଵ 

ሺܽଵ݀ଵ ൅ ܾଵܿଵሻܾ݀ ൌ ሺܽ݀ ൅ ܾܿሻܾଵ݀ଵ 

ܽ݀ ൅ ܾܿ
ܾ݀ ൌ

ܽଵ݀ଵ ൅ ܾଵܿଵ.
ܾଵ݀ଵ  

ܽ
ܾ ൅

ܿ
݀ ൌ

ܽଵ
ܾଵ ൅

ܿଵ
݀ଵ 

∴	 Addition is well defined. 

Also from (1), ܽଵܾܿଵ݀ ൌ ܾଵܽ݀ଵܿ. 
∴ 	 ሺܽܿ, ܾ݀ሻ ∼ ሺܽଵܿଵ, ܾଵ݀ଵሻ.
∴ 	
ܽ
ܾ ⋅
ܿ
݀ ൌ

ܽଵ
ܾଵ ⋅

ܿଵ
݀ଵ .

 

∴ Multiplication is well defined. 

Lemma 3. Stage (iii) 	ܨ is a field with the addition and multiplication defined above. 

Proof. It can easily be verified that addition is commutative and associative. 
଴
ଵ is the zero of ܨ and 

ି௔
௕  is the additive inverse of  

௔
௕. 

∴ ሺܨ, ൅ሻ is an abelian group. 

Clearly multiplication is commutative and associative. 
ଵ
ଵ is the identity of ܨ. 

If 
௔
௕ is a non-zero element of ܨ, then ܽ ് 0. 

∴ 	
௕
௔ ∈  and is the inverse of ܨ

௔
௕. 
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ܽ
ܾ ൬
ܿ
݀ ൅

݁
݂൰ൌ

ܽ
ܾ ൬
݂ܿ ൅ ݀݁
݂݀ ൰

ൌ
݂ܽܿ ൅ ܽ݀݁
ܾ݂݀

ൌ
݂ܾܽܿ ൅ ܾܽ݀݁

ܾ݂ܾ݀
ൌ
ܽܿ
ܾ݀ ൅

ܽ݁
ܾ݂

ൌ
ܽ
ܾ
ܿ
݀ ൅

ܽ
ܾ
݁
݂

 

∴  .is a field ܨ	

Stage �✁✂✄ The field ܨ contains a subring ܴ which is isomorphic to ܦ. 

Lemma 4. The map ݂:ܦ → given by ݂ሺܽሻ ܨ ൌ ௔
ଵ is an isomorphism of ܦ onto ݂ሺܦሻ. 

Proof. Let ܽ, ܾ ∈  .ܦ

Then ݂ሺܽ ൅ ܾሻ ൌ ௔ା௕
ଵ ൌ

௔
ଵ ൅

௕
ଵ ൌ ݂ሺܽሻ ൅ ݂ሺܾሻ and 

݂ሺܾܽሻ ൌ ௔௕
ଵ ൌ

௔
ଵ
௕
ଵ ൌ ݂ሺܽሻ݂ሺܾሻ. 

To prove f is 1-1. 

݂ሺܽሻ ൌ ݂ሺܾሻ ⇒ ܽ
1
ൌ
ܾ
1

 

⇒ ሺܽ, 1ሻ ∼ ሺܾ, 1ሻ
⇒ ܽ1 ൌ 1ܾ
⇒ ܽ ൌ ܾ.

 

∴ 	݂ is an isomorphism. 

Thus we have proved the following. 

Theorem 4.29. Any integral domain ܦ can be embeded in a field ܨ and every element of 

 .ܦ can be espersed as a quotient of two elements of ܨ

Definition. The field ܨ which we have constructed above is called the field of quotients of 

 .ܦ

Theorem 4.30. The field of quotients ܨ of an integral domsin ܦ is the smallest field 

containing ܦ.  

(ie.,) If ܨ is any other field containing ܦ then ܨᇱ contains a subfield isomorphic to ܨ. 

Proof. Let ܽ, ܾ ∈ ܾ and ܦ ് 0. 

Then ܽ, ܾ ∈ ܨ
ᇱ and since ܨᇱ is a field ܾܽିଵ ∈ ܨ

ᇱ. Now, let ܨ be the quotient field of ܦ. 
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We define ݂:ܨ → ܨ
ᇱ by ݂ ቀ௔௕ቁ ൌ ܾܽିଵ. 

݂ is well defined; for, let ሺܽଵ, ܾଵሻ ∼ ሺܽ, ܾሻ. 
Then ܽଵܾ ൌ ܾଵܽ. Hence ܽଵܾଵି ଵ ൌ ܾܽିଵ, 
To prove f is 1-1 

݂ ቀܾܽቁ ൌ ݂ ቀ
ܿ
݀ቁ ⇒ ܾܽିଵ ൌ ܿ݀ିଵ ⇒ ܽ݀ ൌ ܾܿ ⇒ ܽ/ܾ ൌ ܿ/݀ 

Now, let ܽ/ܾ, ܿ/݀ ∈  .ܨ

Then ݂ ቂቀ௔௕ቁ൅ ቀ
௖
ௗቁቃ ൌ ݂ሾሺܽ݀ ൅ ܾܿሻ/ܾ݀ሿ ൌ ሺܽ݀ ൅ ܾܿሻሺܾ݀ሻିଵ ൌ ሺܽ݀ ൅ ܾܿሻ݀ିଵܾିଵ 

																																					ൌ ܾܽିଵ ൅ ܿ݀ିଵ ൌ ݂ሺܽ/ܾሻ ൅ ݂ሺܿ/݀ሻ 
Also, ݂ሾሺܽ/ܾሻሺܿ/݀ሻሿ ൌ ݂ሾሺܽܿሻ/ሺܾ݀ሻሿ ൌ ሺܽܿሻሺܾ݀ሻିଵ ൌ ܽܿ݀ିଵܾିଵ ൌ ܾܽିଵ ⋅ ܿ݀ିଵ 

		ൌ ݂ሺܽ/ܾሻ݂ሺܿ/݀ሻ 
Thus ܨ is isomorphically embedded in ܨᇱ. 

 

Solved problems 

Problem 1. Describe the quotient field of the integral domain ܦ ൌ ሼܽ ൅ ܾ√2/ܽ, ܾ ∈  .ሽ܈
Solution. The set of real numbers ܴ is a field containing the given integral domain ܦ. 

Hence by theorem 4.30, ܴ contains a subfield isomorphic to the field of quotiens of ܦ. 

This subfield is precisely the set of all real numbers of the form ሺܽ ൅ ܾ√2ሻ/ሺܿ ൅ ݀√2ሻ  
where ܿ ൅ ݀√2 ് 0. 

ሺܽ ൅ ܾ√2ሻ/ሺܿ ൅ ݀√2ሻ is of the form ݌ ൅   .are rational numbers ݍ and ݌ where 2√ݍ

Thus the quotient field of ܦ is ሼ݌ ൅ .݌/2√ݍ ݍ ∈  .ሽۿ
 

Problem 2. If ܦ and ܦᇱ are isomorphic integral domains then their quotient fields are also 

isomorphic. 

Solution. Let ݂:ܦ → ܦ
ᇱ be an isomorphism. Let ܨ and ܨᇱ be the quotient fields of ܦ and 

ܦ
ᇱ respectively. Consider Φ:ܨ → ܨ

ᇱ given by Φሺܽ/ܾሻ ൌ ݂ሺܽሻ/݂ሺܾሻ. Φ is an isomorphism 

of ܨ onto ܨᇱ  

Exercises 

1. Show that the field of quotients of any field is itself. 
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2. Let ܴ be a ring which may or may not have a unit element. In ܈ ൈ ܴ we define 

ሺ݊, ሻݎ ൅ ሺ݉, ሻݏ ൌ ሺ݊ ൅݉, ݎ ൅ ,ሻ and ሺ݊ݏ ,ሻሺ݉ݎ ሻݏ ൌ ሺ݊݉,݉ݎ ൅ ݏ݊ ൅  ሻ [Notice thatݏݎ

since ݉ and ݊ are integers ݉ݎ and ݊ݏ are meaningful]. Prove that ܵ is a ring with identity 

and ܴ can be embedded in ܵ. [This shows that any ring can be embedded in a ring with 

identity]. 

3. Determine which of the following statements are true and which are false. 

(a) ܀ is a field of quotients of ܀. 

(b) ۿ is a field of quotients of ܈. 

(c) ܀ is a field of quotients of ܈. 

(d) If ܦ is any field then the field of quotients of ܦ is isomorphic to ܦ. 

Answers. 

3. (a) T   (b) T  (c) F  (d) T . 
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